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Abstract

A simple model to evaluate hydrodynamic cake resistance due to filtered aggregates is developed in this study. An aggregate is treated as a
hydrodynamically as well as geometrically equivalent solid core with a porous shell. Creeping flow past a swarm of the composite spheres is
solved using Stokes’ equation and Brinkman’s extension of Darcy’s law. The dimensionless drag force (�) exerted on the composite sphere is
analytically determined by four parameters: radius of the solid core, thickness of the porous shell, permeability of the aggregate, and occupancy
f eable
s a swarm of
u surfaces.
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raction as defined in this paper. In certain limiting cases,� converges to pre-existing analytical solutions for (i) an isolated imperm
phere, (ii) an isolated uniformly porous sphere, (iii) an isolated composite sphere, (iv) a swarm of impermeable spheres, and (v)
niformly porous spheres. This expression is then used to predict the specific resistance of aggregate cake formed on membrane
2004 Elsevier B.V. All rights reserved.
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. Introduction

Microfiltration (MF) and ultrafiltration (UF) are widely
sed to remove suspended solids, colloidal particles, macro-
olecules, bacteria, and viruses from suspensions as alterna-

ive, substitutional, or supplementary processes for conven-
ional water and wastewater treatment. The major limiting
actor of MF/UF use is the ratio of permeate flux (with appro-
riate water quality) to invested cost, since membrane fouling
ften gives rise to additional maintenance cost. While filtering
articulate matter, MF/UF membranes undergo three differ-
nt patterns of matter-stacking phenomena on their surfaces:
oncentration polarization, (followed by) colloidal cake/gel
ormation[1–16], and aggregate cake formation (i.e., a cake
f retained aggregates composed of many small primary col-

oidal particles)[17–20]. Each pattern causes its own perme-
te flux decline behavior. Interestingly, particle aggregation
ccurring at relatively high ionic strength (≥0.01 M) remark-
bly reduces the flux decline by developing on the membrane

∗ Corresponding author. Tel.: +1 808 956 3718; fax: +1 808 956 5014.

surfaces a cake layer that is more porous than ones buil
individual colloidal particles.

Waite et al.[17] observed distinctly different flux d
cline behaviors from aggregate cakes formed in diffe
bulk phase aggregation schemes in stirred cell UF ex
ments. The work compared hydraulic resistances of cake
ers comprised of aggregates formed by rapid aggregatio
slow aggregation. Specific resistances of cake layers
prised of rapidly formed aggregates were at least one
of magnitude lower than cake layers comprised of slo
formed aggregates. The rapidly formed aggregates pr
significantly less flux decline while showing very high ov
all porosity of more than 0.99 and fractal dimensions
1.8–2.2 (which are between the typical fractal dimens
of diffusion-limited cluster aggregation (DLCA) of 1.75[21]
and diffusion-limited aggregation (DLA) of 2.5[22]). On the
other hand, the slowly formed aggregates cause more
decline with a fractal dimension of 2.4, which is relativ
higher than the typical value of reaction-limited cluster
gregation (RLCA) of 1.9–2.2[23–28]. The differences in th
fractal dimensions were attributed to one or more of the
E-mail address:albertsk@hawaii.edu (A.S. Kim). lowing: shear-induced aggregation, breakage, and reworking
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(re-aggregation after breakage) mechanisms. In Waite et al.’s
work, the aggregation regime was controlled by ionic strength
(salt concentration), pH, and fulvic acid concentration, which
affect aggregate structure, overall cake porosity, and flux de-
cline behavior in a correlated manner. On the other hand,
specific cake resistance was estimated by substituting the
overall porosity of aggregates into the Carman–Kozeny equa-
tion[29], but its validity becomes questionable as the porosity
increases above 0.8 (see Table 8-4.2 of Happel and Brenner
[30]).

Using MF membranes in crossflow filtration mode,
Hwang and Liu[20] investigated the effects of ionic strength
(IS) on particle aggregation in bulk phase and the changes
in (quasi-) steady-state permeate flux. They indicated that
the steady-state permeate flux remained constant when
IS < 0.01 M, but quickly increased when IS > 0.01 M because
of the porous cake structure originated by the particle ag-
gregation. Scrutinizing their experimental data, however, re-
veals that the permeate flux gradually decreases until the
ionic strength reaches∼0.005 M. This trend has also been
seen in similar studies[12,31]. From Hwang and Liu’s ex-
periments, it can be therefore inferred that small aggregates
can start forming near an ionic strength of 0.005 M, experi-
encing an interaction potential with no or low primary bar-
rier. In theoretical aspects, they calculated the porosity profile
a ell as
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RLCA with or without ambient shear flow occurs at an
ionic strength of an order of 10−2 M, under which aggre-
gation efficiency is very low, so that the generated aggre-
gates are dense and compact with fractal dimensions typi-
cally greater than 2.0. As the ionic strength increases, the
coagulation rate becomes fast, so that the formed aggre-
gates show a sparse and loose structure with smaller frac-
tal dimensions of usually less than 2.0. However, specific
hydraulic resistance due to a swarm of aggregates, i.e., an
aggregate cake, is still approximately determined in a quali-
tative as well as quantitative manner by simply substituting
average aggregate porosity into hydrodynamic drag expres-
sions for a swarm of impermeable solid spheres[17,20], e.g.,
the Carman–Kozeny equation[29] or possibly Happel’s cell
model[35]. Therefore, it is now of great necessity to accu-
rately predict the permeate flux decline due to the cake layer
formed with porous aggregates deposited on the membrane
surfaces.

Extensive research has been conducted on creeping flow
relative to porous spheres composed of mono-sized spheres.
Happel[35] developed a hypothetical cell model to investi-
gate the flow through a swarm of impermeable spheres packed
in beds. His model converges to Stokes’ equation for infinitely
dilute colloidal suspensions. Brinkman[36] showed an ex-
pression of the flow through an isolated porous sphere of uni-
f ale
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cross the entire cake layer consisting of aggregates as w
eparated particles in void space outside the aggregate
hen substituted the porosity value into the Carman–Ko
quation to estimate cake resistance. This approach, a

ound in Waite et al.’s work[17], implies possible replac
ent of a porous aggregate comprised of many primary p

les by a single impermeable solid sphere that provides
ical porosity and hydrodynamic drag. This method se
o be, however, less appropriate than replacing the a
ate by a uniformly porous sphere[32], which has an equ
ize and an equivalent volume-averaged permeability[33,
4].

The mechanism of aggregate cake collapse in term
ermeate flow velocity has been recently studied in S
ngle Neutron Scattering experiments by Cabane et al.[19].
hey demarcated the dependence of scattering densityI (of
ggregates generated in rapid coagulation, i.e., diffu

imited regime) on scattering vectorq in three typical re
ions, where the inverse scattering vectorq−1 is much les

han, almost equal to, or much larger than the particle
his method characterizes the structure of the bulk aggre
nd aggregate-collapsed cake layers by their correspo

ractal dimensions, i.e., the slopes of logI versus logq plots.
ithout shear flow, the fractal dimension of bulk aggreg

omposed of spherical latex particles was found to be
hich is somewhat higher than that of aggregates made
LCA regime. Furthermore, Cabane et al. investigated
ollapsing criteria by increasing the trans-membrane
ure.

The results and implications of the recent research
ioned above indicate that the slow aggregation thro
orm permeability without detailed derivation. Later, Ne
t al. [32] located the uniformly permeable sphere wit
appel’s hypothetical cell of a tangential stress-free sur
o that their expression reduces to Happel’s if perme
ty of the porous sphere vanished. Masliyah and Neale[37]
eveloped a mathematical expression that includes St
quation and Brinkman’s[36] equation by considering a

solated composite sphere comprised of a solid core a
orous shell. They used their derived expression to inv
ate the settling velocity of a solid sphere, to which var
exible threads are attached. Besides the analytic expres
32,35–37]mentioned above, Ooms et al.[38] numerically
onfirmed Brinkman’s equation[36] that was reported with
ut derivations. Moreover, Veerapaneni and Wiesner[33] in-
estigated the hydrodynamic properties of an isolated fr
ggregate with radially varying porosity and hence pe
bility by considering many consecutive thin shells of dif
nt constant permeabilities.

From a hydrodynamic point of view, the flow throug
niform porous sphere can be categorized into two re
entative types: a slow interior flow driven by fluid press
nd a fast exterior flow due to shear stress around the
eable sphere surface[39]. This phenomenon is more a
arent in a fractal aggregate whose central region is m
enser than its edge. Therefore, in our work, a fracta
regate characterized by its length scale (radius) and f
imension (followed by radially varying local permea

ty) is simplified by an inner spherical core of impermea
olidity and an outer porous shell of uniform permeabi
ollowing Neale et al.’s[32] approach, we position the sim
lified aggregate at the center of the tangential stress
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cell [35], apply proper boundary conditions, and calculate
the hydrodynamic drag due to a swarm of the simplified
aggregates.

2. Theoretical

2.1. Flow through a swarm of aggregates

A primary assumption used in this study is that a solid
spherical core surrounded by a porous shell (as shown in
Fig. 1) is hydrodynamically equivalent to a fractal aggregate
with radially varying permeability. The radius of the imper-
meable core, the distance between the center of the core and
the outer surface of the shell (i.e., aggregate radius), and the
radius of the hypothetical spherical cell (on which the tan-
gential stress vanishes[35]) are denoted asa, b (>a) andc
(>b), respectively. Therefore,b−a is the thickness of the
shell characterized by its constituent primary particles of ra-
diusap, porosityε, and thereby accompanying permeability
κ. Relative to this composite sphere (i.e., a core with a shell)
in the hypothetical cell, the creeping flow of Newtonian fluid
with absolute viscosityµ is considered to be steady and axi-
symmetric. For mathematical convenience, the center of the
composite sphere is selected as the origin of the spherical co-
o h
t urface
i

2
nian

c

µ

a

∇

F eable
s s

whereu= [ur ,uθ,uϕ] denotes the fluid velocity vector and
p is the fluid pressure. The corresponding equation for de-
scribing Newtonian creeping flow through uniformly porous
medium of permeabilityκ is known as Brinkman’s equation
(Brinkman’s extension of Darcy’s law), i.e.,

µ∗∇2u∗ − µ∗

κ
u∗ = ∇p∗ (3)

with the macroscopic incompressibility assumption[40,41]
of

∇ · u∗ = 0 (4)

where * denotes any macroscopically averaged quantity
specifically pertaining to the porous medium. In this light,µ*

represents an effective viscosity in the porous medium, often
assumed identical toµ, especially when the porosity of the
medium is high and hence very permeable. Therefore, Eqs.
(1) and(3) are valid within the void space (b≤ r ≤ c) and the
porous shell (a≤ r ≤b), respectively, with the incompress-
ibility of the fluid maintained in both void space and porous
medium (Eqs.(2) and(4)). Analytical expressions of perme-
ability κ as a function of solid volume fractionφ (=1− ε) and
primary particle radiusap can be found elsewhere[34].

2.1.2. Boundary conditions
stic
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rdinates [r, θ, ϕ], while the fluid is partially passing throug
he composite sphere and approaching the membrane s
n the−zdirection at velocityV.

.1.1. Governing equations
The governing equations of incompressible Newto

reeping flow in void space are

∇2u = ∇p (1)

nd

· u = 0 (2)

ig. 1. Cell model of tangential stress-free surface applied to an imperm
olid sphere with a porous shell consisting of primary particles of radiuap.
The boundary conditions, which are physically reali
nd mathematically consistent for the current problem
s follows:

∗
r (a, θ) = 0 (5)

∗
θ (a, θ) = 0 (6)

∗
r (b, θ) = ur(b, θ) (7)

∗
θ (b, θ) = uθ(b, θ) (8)

∗
rr(b, θ) = τrr(b, θ) (9)

∗
rθ(b, θ) = τrθ(b, θ) (10)

r(c, θ) = −V cosθ (11)

rθ(c, θ) = 0 (12)

ith 0 <θ < 2π, whereτ(∗)
rr andτ

(∗)
rθ denote the normal an

angential components of the stress tensor, respectively

(∗)
rr = −p(∗) + 2µ(∗) ∂u

(∗)
r

∂r
(13)

nd

(∗)
rθ = µ(∗)

(
1

r

∂u
(∗)
r

∂r
+ ∂u

(∗)
θ

∂r
− u

(∗)
θ

r

)
(14)

No-slip boundary conditions are applied on the surfac
he core sphere of radiusa (Eqs.(5) and(6)). The norma
nd tangential components of velocity and stress tenso
onsidered to be continuous across the permeable interf
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r =b (Eqs.(7)–(10)). The fluid velocityVexerted by the com-
posite sphere is reflected in Eq.(11), which also corresponds
to such a situation that the sphere moves in the opposite direc-
tion to velocityVwhere the fluid is stationary. The condition
of a free tangential stress on the surface of the hypothetical
cell, first used in Happel’s original work[35], is implemented
in Eq.(12)to mimic the adjacent presence of other aggregates
of similar sizes. Additionally, it has been proven that the con-
tinuity of the normal stress (Eq.(9)) is equivalent to that of
the fluid pressure[42,43], i.e.,

p∗(b, θ) = p(b, θ) (15)

from the incompressibility of Eqs.(2) and (4).

2.1.3. Method of solutions
Independence of the flow on the azimuthal angle, so called

cylindrical symmetry or axi-symmetry, introduces stream
functionsψ andψ* related to the velocity fields by

u∗
r = −1

r2 sin θ

∂ψ∗

∂θ
(16)

and

u∗
θ = 1

r sin θ

∂ψ∗

∂r
(17)

w ide
( (Eq.
(

E

a

E

r

E

w
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ψ

where ξ = r/
√
κ, α = a/

√
κ, β = b/

√
κ, and γ = c/

√
κ.

Satisfying the set of boundary conditions listed in Eqs.
(5)–(12), the constantsA, B, C, D, E, F, G, andH will have
specific values, as given inAppendix A.

Integrating the normal and tangential stress distributions
over the porous surface yields the drag forceF1 experienced
by the composite sphere

F = 2πb2
∫ π

0
[τrr cosθ − τrθ sinθ]r=b sinθ dθ

= 6πµVb� (24)

where

� = +2B

3β
(25)

of which its physical meaning is

Hydrodynamic resistance experienced by a swarm of the
composite spheres with a core of radius
a and a porous shell of thicknessb − a

Hydrodynamic resistance experienced by an impermeable
sphere of radiusb

The positive sign of Eq.(25) refers to the direction of the
f ward
a

2
d
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a
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here 0 <θ < 2π for both outside (unstarred) and ins
starred) the shell. Taking the curl of Stokes’ equation
1)) and Brinkman’s equation (Eq.(3)), one obtains

4ψ = 0, b ≤ r ≤ c (18)

nd

4ψ∗ − κ−1E2ψ∗ = 0, a ≤ r ≤ b (19)

espectively, where

2 = ∂2

∂r2
+ sin θ

r2

∂

∂θ

(
1

sin θ

∂

∂θ

)
(20)

ith the macroscopic assumption of

µ

µ∗ = 1 (21)

The respective general solutions of Eqs.(18)and(19)are

(ξ, θ) = κV

2

(
A

ξ
+ Bξ + Cξ2 + Dξ4

)
sin2 θ,

β ≤ ξ ≤ γ (22)

nd

∗(ξ, θ) = κV

2

[
E

ξ
+ Fξ2 + G

(
coshξ

ξ
− sinhξ

)

+H

(
sinhξ

ξ
− coshξ

)]
sin2 θ, α ≤ ξ ≤ β

(23)
orce (+z) that sustains the composite sphere in the down
mbient fluid flow toward the membrane surface.

.1.4. Comparison with related works
The correctness of our expression of� may be confirme

y scrutinizing five important cases for which analyt
olutions are already available: (1) asα→β (or κ→ 0)
nd γ → ∞, Stokes’ equation is obtained, i.e.,�= 1, (2)
sα→β (or κ→ 0), Happel’s well-known formula[35] is
etrieved, i.e.,

lim
→β

� ≡ �H = 1 + (2/3)η5

1 − (3/2)η + (3/2)η5 − η6
(26)

hereη3 =b3/c3 (=β3/γ3) of which can be interpreted
he volume fraction of the sphere-packed porous med
3) asα→ 0 andγ → ∞, Brinkman’s equation[38,44] for
n isolated homogeneously permeable sphere of radiub is
eplicated, i.e.,

lim
α→0
γ→∞

� ≡ �B = 2β2(1 − tanhβ/β)

2β2 + 3(1− tanhβ/β)
, (27)

4) asα→ 0, Eq. (25) in this study becomes Eq.(30) of
eale et al.’s work[32], i.e.,

1 The necessary FORTRAN subroutine to calculateF can be provide
pon request to the corresponding author.
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lim
α→0

� ≡ �NEN

=

2β2 + (4/3)β2η5 + 20η5

−(tanhβ/β)(2β2 + 8β2η5 + 20η5)

2β2 − 3β2η + 3β2η5 − 2β2η6 + 90β−2η5 + 42η5

−30η6 + 3 − (tanhβ/β)(−3β2η + 15β2η5

−12β2η6 + 90β−2η5 + 72η5 − 30η6 + 3)

,

(28)

and finally (5) asγ → ∞, Masliyah and Neale’s work
[37] is reproduced, but the detailed formula of limγ→∞ �

is omitted in this paper due to the length and com-
plexity of their analytic expression. Proving the above
five known expressions by inspecting certain limiting
cases of�, we confirm that our general solution of Eq.
(25) is mathematically correct with appropriate physical
meanings.

2.2. Filtration equation: Darcy’s law

Permeate flux across a membrane containing a deposited
layer (i.e., aggregate cake layer in this study) may be de-
scribed by Darcy’s law with the resistance-in-series model:

V

w ss
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w f the
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w n”,
w
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i i.e.,
λ orre-
s ell

model (Eq.(26)) into Eq.(32), i.e.,

b2rc,H =
(

9φ

2

)(
1 + (2/3)φ5/3

1 − (3/2)φ1/3 + (3/2)φ5/3 − φ2

)
(33)

or often by Carman–Kozeny equation instead

b2rc,CK =
(

9φ

2

)
�CK (34)

where

�CK = 2kφ

(1 − φ)3
(35)

with empirically foundk≈ 5. The dimensionless specific
cake resistanceb2rc of Eq. (33) or (34) is commonly used
to estimate the resistanceRc with the volume fraction of the
colloidal cake layer[9,12,45–47], so they will be compared
to b2rc of the aggregate cake layer in the following section.

3. Results and discussion

3.1. Dimensionless specific cake resistance, b2rc

Fig. 2 shows the dimensionless specific cake resistance
b c-
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d
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o

3

λ ous
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= #P

µ(Rm + Rc)
(29)

hereV is the permeate velocity,#P the pressure drop acro
he membrane,Rm the membrane resistance, andRc the cake
esistance, which can be described as

c = rcδc (30)

hererc andδc are the specific resistance and thickness o
ake layer, respectively. In this model of the system sh
n Fig. 1, the pressure gradient across the cake layer sh
e equal in magnitude to the drag force density inside
ypothetical cell, of which the radius isc, i.e.,

∆Pc

δc
= 6πµbV�(α, β, γ)

4πc3/3
(31)

here#Pc =#P−µRmV. Manipulating Eq.(31) with Eqs.
29)and(30)gives

c = �(α, β, γ)

2b2/9λ
(32)

hereλ=η3 is defined in this study as “occupancy fractio
hich is always greater than the volume fractionφ of the ag-
regate cake layer due to the porous region (i.e.,a< r <b) of

he composite sphere. It is worth noting that the term 2b2/9λ
n Eq. (32) is the permeability of solid spheres of radiub
n a dilute limit, while the porous shell is disappearing (
→φ). For the case of a swarm of solid spheres, the c
pondingb2rc is then obtained by substituting Happel’s c
2rc defined in Eq.(32)as a function of the occupancy fra
ion λ with α andβ (>α) andγ (=β/ 3

√
λ) values, and it als

llustratesb2rc,H andb2rc,CK, which are defined in Eqs.(33)
nd(34), respectively. The corresponding analysis ofFig. 2

ollows.

.1.1. Converging to Happel’s cell model
Figs. 2(a)–(c) show thatb2rc reachesb2rc,H (also shown

n Fig. 2(d)), when the porous shell disappears, i.e.,α→β

so consequentlyλ→φ). This is already analytically prove
n Eq.(26).

.1.2. An aggregate as a uniform porous sphere
On the other hand,b2rc with � = 0 declines with decrea

ngβ (≡b/
√
κ) from increasing constant permeabilityκ. The

omposite sphere becomes a uniformly porous sphere
iusb in this case. If bothα andβ (≥α) reach zero, thenb2rc
anishes accordingly since no material is physically reta
n the membrane surface.

.1.3. Effect of porous shell thickness
Comparingb2rc(α,β,γ) of α=β with α= 0.95β, where

= 0.5, gives a quite interesting result: the thin por
hell, of which thickness is only 5% of the aggregate
iusb, significantly reducesb2rc down to 60% compared
2rc(β,β,γ). This result indicates that even dense aggreg
generated in slow aggregation regime) provide significa
ess drag compared to solid spheres of the same size,
urther implies that a cake layer composed of relatively
olloidal particles with only small roughness can drastic
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Fig. 2. Dimensionless specific cake resistanceb2rc(α,β,γ) as a function of the occupancy fractionλ: (a)β = 1, (b)β = 4, and (c)β = 8, and (d) Happel (Eq.(33))
and Carman–Kozeny (Eq.(34)) expressions. For each case of (a)–(c),α values are 0.95, 0.75, 0.50, 0.25, and 0.0 of eachβ, andγ = β/

3
√
λ.

reduce the cake resistance, avoiding no-slip boundary condi-
tions on outer surfaces of the rough particles.

3.1.4. Effect of overlap and/or breakage
Another interesting behavior ofb2rc in Figs. 2(a)–(c) is

that, unlike Eqs.(33)and(34), b2rc doesnotdiverge as long
asα is less than (but not equal to)β, even if the occupancy
fraction λ reaches unity.Table 1shows the values ofb2rc,
used inFig. 2, with α andβ, whereλ= 1. Apparently,b2rc
with α= 0.95β is significantly larger than that ofα= 0, but
it does remain finite because the fluid flow still can pen-
etrate the remaining porous region,α< ξ <β (=γ), equiva-
lently a< r <b (=c).

The limit of λ→ 1 corresponds to the following cases.
First, the aggregates are closely packed, so that portions of
their sparse edges are somehow overlapped and thus par-
tially broken to a certain extent. Individual or small groups
of primary particles detached from the aggregates can be
re-agglomerated with themselves or re-attached to a nearby
aggregate. Then, the original void spaces among the unbro-
ken aggregates can be filled with the re-organized primary
particles. Second, when the cake layer is composed of rela-
tively big colloidal particles on which long polymer chains
are adsorbed, particle-interconnection oriented by the poly-
mer chains generates a fibrous porous medium among the
colloidal particles, filling the void spaces. The limiting value

of b2rc with λ= 1 decreases whenα and/orβ decreases:
lower volume fraction of the porous shell provides higher
permeabilityκ, so smaller values of bothα andβ, but smaller
radius of the solid core reduces onlyα.

Table 1
The value ofb2rc with λ= 1

β α b2rc

1 1.00 ∞
1 0.95 1.119× 104

1 0.75 7.632× 101

1 0.50 9.563× 100

1 0.25 2.875× 100

1 0.00 1.000× 100

4 4.00 ∞
4 3.80 1.138× 104

4 3.00 1.141× 102

4 2.00 3.017× 101

4 1.00 1.885× 101

4 0.00 1.600× 101

8 8.00 ∞
8 7.60 1.196× 104

8 6.00 2.328× 102

8 4.00 9.375× 101

8 2.00 6.911× 101

8 0.00 6.400× 101

Note: Numerical value ofb2rc plotted inFig. 2 with λ= 1 are listed here.
The values ofα andβ are same as used inFig. 2.
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3.2. Happel’s cell model and Carman–Kozeny equation

3.2.1. Invalidity of Carman–Kozeny equation for highly
porous aggregates

As shown in Fig. 2(d), the Happel (Eq.(33)) and
Carman–Kozeny (Eq.(34)) equations are almost indistin-
guishable. However, if permeability as inverse ofrc is consid-
ered, the Carman–Kozeny equation shows a quite different
asymptotic behavior from Happel’s expression in an infinitely
dilute limit. For solid spheres of radiusb in the dilute limit,
Stokes’ equation brings out�= 1 and leaves the correspond-
ing permeability as 2b2/9φ. In this circumstance, Eq.(35)
becomes

lim
φ→0

�c,CK ≈ 2kφ (36)

which implies the invalidity of the Carman–Kozeny equa-
tion whereφ≤ 0.1, bolstering the necessary condition to use
Eq. (34), i.e.,φ≥ 0.3 withk≈ 5 (see Table 8-4.2 of Happel
and Brenner[30]). Therefore, it is quite apparent that the
Carman–Kozeny equation highly underestimates the dimen-
sionless drag force� and thereby significantly overestimates
the corresponding permeability of highly porous aggregates
(see Fig. 1 of Kim and Stolzenbach[34]) that are often found
in natural and engineered systems[48–52].
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are within the range of 0.67–0.73, although faster axial ve-
locity seems to affect the structure of aggregates or partially
break the aggregates to a certain extent.

An alternative way of linking the porosity and the specific
cake resistance of an aggregate is to treat the aggregate as a
uniform porous sphere[36], if the porosity is close to 1.0.
For a relatively smaller or denser aggregate generated in a
slow aggregation regime, however, negligible flow near the
central region of the aggregate should be implemented by
possibly locating a solid core at the center of the uniform
porous sphere. This is to pragmatically consider deflecting
flow around the edge of the aggregate[34,39] and thereby
approximately estimate the specific cake resistance defined
in Eq. (32). In this light, the constant permeabilityκ of the
porous shell and the solid core radiusa should be obtained
by the fractal nature of the aggregate (see next section).

3.3. Gaugingα, β, andγ

The three parameters,α, β, andγ can be estimated in the
following way. For simplicity, an isolated aggregate com-
prised of many primary particles of radiusap is considered
to estimateα andβ. The aggregate is characterized by fractal
dimensionDf and radiusb, and then it is mapped into an iso-
lated composite sphere (i.e.,γ → ∞) of the same size. The
a o have
i
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.2.2. Equivalent solid sphere
Some researchers replaced the fractal aggregat

n equivalent, but smaller, solid sphere and applied
arman–Kozeny equation to estimate the cake resis

17,20]. Although Waite et al.[17] calculated quite reaso
ble values of cake porosity by considering several cas

ractal dimension and ratios of aggregate to primary par
ize (i.e.,b/ap), the estimation of the specific cake resistan2

hrough

9k(1 − ε)

ρpa2
pε

3
(37)

hereρp is the mass density of the primary particles,
e underestimated due to the coefficientk. This accounts fo
hy the value ofk is actually about 10 times greater than
mpirically obtained value of 5.0, if the porosity reaches
see Table 3 of Waite et al.[17] and Table 8-4.2 of Happel a
renner[30]). On the other hand, Hwang and Liu[20] used a
orosity-dependentk for flow perpendicular to the cylinde
Eq. (8-4.33) of Happel and Brenner[30]) to evaluate the sp
ific cake resistance defined as Eq.(37). It seems, howeve
ore reasonable to usek for flow through random orienta

ion of cylinders. They used a different interpretation of H
el’s original cell model[35] by considering additional vo
paces among the hypothetical cells of free tangential s
53]. Nevertheless, the measured and estimated poros
igh ionic strength (≥0.01 M), i.e., fast aggregation regim

2 The specific cake resistance of Waite at el.’s work[17] is defined a
ake resistance divided by deposited mass per unit membrane area.
ggregate and the composite spheres are considered t
dentical average volume fractions and gyration radii.

.3.1. A realistic aggregate
The local volume fraction profileφ(r) at a distancer from

he center of the aggregate can be represented as

(r) = φ0

(
r

ap

)Df−3

, 0 < r < b (38)

hereφ0 is a proportionality constant. The average volu
raction of the aggregate, defined as volume occupied b
rimary particles over total volume of the aggregate, ca
alculated as

φ〉 =
∫ b

0φ(r)4πr2 dr

(4π/3)b3
= 3φ0

Df

(
b

ap

)Df−3

(39)

The gyration radiusRg of the aggregate is estimated us
he local volume fraction profile of Eq.(38) [54,55]

2
g =

∫ b

0r
2φ(r)4πr2 dr∫ b

0φ(r)4πr2 dr
= b2 Df

Df + 2
(40)

r

g = b

√
Df

Df + 2
(41)

The hydrodynamic radius of the aggregate is defined

h = F

6πµV
(42)
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The total number of primary particles within the aggregate
is related to the fractal dimension and radius of the aggregate,
i.e.,

N =
∫ b

0φ(r)4πr2 dr

(4π/3)a3
p

= 3φ0

Df

(
b

ap

)Df

(43)

Sorensen and Roberts[56] used the following equation to link
the number of primary particlesN and the gyration radius of
the aggregateRg

N = k0

(
Rg

ap

)Df

(44)

wherek0 is, so-called, a prefactor varying with the fractal
dimension. They generated many aggregates using computer
simulation and estimated the prefactor of Eq.(44) by calcu-
lating the slope of logN versus log (Rg/ap) plot. Substituting
Eq.(41) into Eq.(44)gives

N = k0

(
Df

Df + 2

)Df/2(
b

ap

)Df

(45)

and equating Eqs.(43)and(45)provides

φ0 = k0
Df

3

(
Df

Df + 2

)Df/2

(46)
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(49). Then, the shell volume fractionφsh and the dimension-
less core radius ˆa (=a/b) can be simultaneously obtained. In
this case an expression of permeabilityκ should be selected
to estimateα andβ. Because most fractal aggregates have a
tree-like, branched local structure, Davies’ permeability ex-
pression[57] for fibrous porous media is suitable for this
study

κD = a2
p

16φ1.5(1 + 56φ3)
(51)

Therefore, the calculated shell volume fractionφsh is
used to estimate the shell permeability in a dimension-
less form,κsh/a

2
p = κD(φsh)/a2

p. From fractal dimensionDf
and aggregate radiusb, α and β can be then calculated
as

β = b/ap√
κsh/a2

p

(52)

and

α = a/ap√
κsh/a2

p

= âβ (53)

3.3.4. Verification of the mapping approach
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Therefore, the proportionality constantφ0 of Eq.(38)can
e determined by the fractal dimensionDf and the prefacto
0 in Eq.(46).

.3.2. A composite sphere
The local volume fraction profileφcs(r) of a composite

phere can be bisected into two regions of constant vo
raction

cs(r) =
{

1 0< r < a

φsh a < r < b
(47)

hereφsh is volume fraction of the porous shell. The aver
olume fraction of the composite sphere is then

φ〉 =
∫ b

0φcs(r)4πr2 dr

(4π/3)b3
= â3 + φsh(1 − â3) (48)

hereâ = a/b. The gyration radius of the composite sph
alculated by the same definition of Eq.(40), is

2
g =

∫ b

0r
2φcs(r)4πr2 dr∫ b

0φcs(r)4πr2 dr
= b2 3(â5 + φsh(1 − â5))

5(â3 + φsh(1 − â3))
(49)

From Eq.(42), the hydrodynamic radius of the compos
phere is then simply

h = b� (50)

.3.3. Equivalence between the aggregate and the
omposite sphere

The realistic aggregates can be mapped into the com
te sphere by equating Eqs.(39) and(48) and Eqs.(40) and
Chen et al.[58] reported that the ratio of the hydrod
amic radiusRh to the gyration radiusRg is 0.875 using
33 DLCA aggregates. Their aggregates are compos
0–350 primary particles with an average fractal dim
ion of 1.78. Sorensen and Roberts[56] performed simi
ar computer simulations and found that their DLCA ag
ates have the same fractal dimension of 1.78 and the
esponding prefactork0 of 1.27. So, we usedD= 1.78 and
0 = 1.27 and estimated the ratio ofRh/Rg with the numbe
f primary particlesN from 50 to 350 at intervals of 5
he ratio ofb/ap in Eq. (52) is estimated by the number
rimary particles with Eq.(45). As shown inTable 2, the
verage value ofRh/Rg obtained by our mapping meth
ith the seven different values ofN is 0.910± 0.015. Rel
tive errors are within 6% in magnitude in comparison w
hen et al.’s result. Therefore, we are confident that
apping method of a fractal aggregate into a comp

phere is valid from both hydrodynamic and geomet
tand points.

.3.5. Occupancy ratioλ
The volume fraction of the cake layer, which is compri

f non-interacting mono-dispersed spherical particles
dentical hard spheres), is typically assumed as having
om loosely packing ratio, 0.60, or random loosely pac
atio, 0.64[59–61]. A slow aggregation regime renders de
nd compact aggregates, while a fast aggregation regim
ides sparse and loose aggregates. However, both typ
ggregates commonly have a tree-like edge structure th

ows overlap to a certain extent among adjacent aggre
n contact. Therefore, the occupancy ratioλ would be greate
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Table 2
Properties of composite spheres modeled by the mapping approach withD= 1.78 andk0 = 1.27

N φ0 〈φ〉 φsh â a/ap b/ap κD(φsh)/a2
p α β Rh Rg Rh/Rg

50 0.38549 0.03310 0.02569 0.19665 2.256 11.474 15.160 0.5795 2.9468 6.9690 7.873 0.88518
100 0.38549 0.02059 0.01603 0.16667 2.823 16.936 30.790 0.5087 3.0522 10.4460 11.622 0.89886
150 0.38549 0.01559 0.01216 0.15148 3.222 21.269 46.621 0.4718 3.1149 13.2450 14.595 0.90748
200 0.38549 0.01280 0.00999 0.14160 3.540 25.000 62.590 0.4474 3.1599 15.6760 17.155 0.91376
250 0.38549 0.01099 0.00858 0.13440 3.809 28.338 78.664 0.4294 3.1951 17.8660 19.446 0.91871
300 0.38549 0.00969 0.00757 0.12881 4.044 31.395 94.823 0.4153 3.2241 19.8800 21.544 0.92279
350 0.38549 0.00872 0.00682 0.12428 4.255 34.235 111.053 0.4037 3.2487 21.7600 23.493 0.92626

Note: The average value ofRh/Rg in this table is 0.910± 0.015. The proportionality constantφ0 is kept unchanged since it is determined with onlyDf andk0.
Other quantities are calculated based on definitions in Section3.3. The small values of ˆa andφsh reflect sparse edge structure of the DLCA aggregates.

than or at least equal to the random packing ratio of identical
hard spheres, but apparently depends on fractal dimension of
aggregates. To estimate more realistic value ofλ, it is neces-
sary to conduct micro-hydrodynamics-level simulations, and
the results should be verified with a set of experiments.

3.4. Interpretation of settling velocity

As a reverse concept of hydrodynamic drag force, settling
velocity of spherical objects can be addressed easily by ana-
lyzing�defined in Eq.(25), of which its inverse is interpreted
as

�−1 (α, β, γ)

=

Settling velocity of a swarm of the composite spheres
with a core of radiusa and a
porous shell of thicknessb − a

Settling velocity of an impermeable sphere of radiusb
(54)

where the composite and impermeable spheres have the
same mass within the common radiusb. For a single iso-
lated composite sphere (i.e.,γ → ∞), Eq. (54) represents
the settling velocity ratio of the composite sphere to that of
a solid sphere of the same size, which is denoted here as
�

p

v

ly
p
a

i
t
c ex-
p for

Fig. 3. Dimensionless settling velocity as a function of occupancy fraction
λ: (a)β = 1, and (b)β = 8. For each case,α values are 0.95, 0.75, 0.50, 0.25,
and 0.0 of eachβ, andγ = β/

3
√
λ.

solid spheres (i.e.,α=β) are identical inFig. 3with different
β values; (2) asα decreases,vs increases at a fixed value of
λ because the solid core shrinks accordingly and leaves less
surface area of non-slip fluid flow; (3) interestingly, unlike the
specific cake resistanceb2rc shown inFig. 2, the difference
between settling velocities of solid spheres (α=β) and that of
rough spheres (α= 0.95β) is not remarkable as illustrated in
Fig. 3; and (4) for relatively largeβ due to small permeability
of the porous shell, the presence of the solid core does not
significantly affect the settling velocity because the flow pen-
etration into the composite sphere is negligible. Additionally
it is worth noting that quantitative comparison of any two
curves inFig. 3(a) and (b) with a sameα (exceptα=β) may
not provide appropriate physical meaning since the reference
velocities (i.e.,�−1∞ ) are not identical due to the differentβ
values.

4. Concluding remarks

The specific resistance of an aggregate cake was in-
vestigated by developing a simple hydrodynamic model in
which a fractal aggregate, typically characterized by radially
−1∞ = �−1(α, β, γ → ∞). Then, the ratio of�−1 to �−1∞
rovides the dimensionless settling velocity defined as

s ≡ �−1

�−1∞
= �(α, β, γ → ∞)

�(α, β, γ)
(55)

The physical meaning of Eq.(55) is

Settling velocity of a swarm of composite spheres

Settling velocity of an isolated composite sphere

Therefore,vs of a swarm of solid spheres and uniform
orous spheres can be assessed by taking limits ofα→β [35]
ndα→ 0 [32], respectively.

Fig. 3shows the dimensionless settling velocityvs defined
n Eq.(55)as a function of the occupancy fractionλ with the
woβ values of 1 and 8, where 0≤α≤β andγ = β/

3
√
λ. The

orresponding analyses are as follows: (1) similar to the
lanation forFig. 2, the dimensionless settling velocities
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decreasing mass density with power law, was replaced by
a hydrodynamically and geometrically equivalent compos-
ite sphere that is comprised of a solid core and a porous
shell and located in the center of Happel’s hypothetical cell.
The equivalent sphere provides a general expression of di-
mensionless drag force�, including Stokes’ equation and
other four pre-developed equations[32,35–37]. This sim-
ple model is then able to quantify the specific resistances
of the cake layer composed of similar-sized aggregates,
possibly characterized by representative permeability and
size of central core of zero porosity. Even if aggregates
generated in a slow aggregation regime have a relatively
small and dense structure with the fractal dimension typi-
cally more than 2.0, their permeable edges can drastically
reduce hydrodynamic resistance compared to solid spheri-
cal particles of the same size. Additionally, the presented
solution is applied to estimate hindered settling velocity
of fractal aggregates and/or polymer-adsorbed big colloidal
particles.
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ppendix A

Detailed expressions of coefficientsA throughH of the
tream functions (Eqs.(22)and(23)), satisfying the bounda
onditions of Eqs.(5)–(12), are prescribed below

= D11γ

−2Jγ6 + D05γ5 + D01γ + D00
(A.1)

here

= 3(α2 − 1) sinh∆

+ (3α + 2β3 + 3β + α3) cosh∆ − 6α (A.2)

11 = −6αβ3

+β2(2β4 + 12β2 + 3αβ + α3β − 9α2) cosh∆

−3β2(2β3 − α2β + 4β + 3α + α3) × sinh∆ (A.3)

05 = 3(−3α2 + 2β4 + α3β + 3αβ) cosh∆ + 3(3α2β

− 3α − 2β3 − α3) sinh∆ (A.4)
10 = 2β3(10β4 + 5α3β + 48β2 − 60α2 − 3α2β2

+ 15αβ + 60) sinh∆ − 2β3(2β5 + α3β2 + 60β

+ 60α + 3αβ2 − 15α2β + 20α3 + 28β3) cosh∆

+ 24αβ3(10+ 3β2) (A.10)

02 = (−3α2β + α3 + 3α + 2β3) sinh∆

+(−α3β + 3α2 − 3αβ − 2β4) cosh∆ (A.11)
and

00 = −2β2(−α2β + α3 + 4β + 3α + 2β3) sinh∆

+ 2
3β

2(3αβ + α3β − 9α2 + 2β4 + 12β2) cosh∆

− 4αβ3 (A.12)

= 1

J

[ −B0

2(α sinhβ − coshα)
C + BDD

]
(A.13)

here

0 = 3(α4 + 2αβ3 + 3α2) coshα + 9α2(coshβ − β sinhβ

−α sinhα) + 3 cosh∆[(α3 + 2β3 + 3α)(αβ sinhβ

−α coshβ − β coshα) + 3α2β sinhα]

+ 3 sinh∆[(α3 + 2β3 + 3α) coshα

+ 3α2(αβ sinhβ − α coshβ − sinhα)] (A.14)
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and

BD = 5
2β

2[−(2β4 + 12β2 + 3αβ + α3β − 9α2) cosh∆

+ 3(3α + 4β + 2β3 − α2β + α3) sinh∆ + 6αβ]

(A.15)

H = HCC + HDD

J
(A.16)

where

HC = −[3(α3 + 2β3) coshα + 9α(coshα − α sinhα

− coshβ + β sinhβ)] (A.17)

and

HD = −15(3αβ2 coshα − 3αβ3 sinhβ + 6β3 coshα

+ 2β5 coshα − 3αβ2 coshβ + α3β2 coshα

− 3α2β2 sinhα) (A.18)

G = −3αC − 15αβ2D − (α coshβ − sinhα)H

α sinhβ − coshα
(A.19)

F
G coshα + H sinhα

E

a

A

E t
F

re
-

-

#P pressure drop across membrane
r radial coordinate
rc specific resistance of cake layer
Rc cake resistance
Rh hydrodynamic radius
Rg gyration radius
Rm membrane resistance
u fluid velocity vector in spherical coordinate,

i.e., [ur ,uθ,uϕ]
vs dimensionless settling velocity defined in Eq.

(55)
V approaching fluid velocity partially passing

through composite sphere toward the mem-
brane surface, i.e., permeate velocity

Greek letters
α dimensionless solid sphere radius, defined as

a/
√
κ

β dimensionless outer shell radius, defined as
b/

√
κ

γ dimensionless hypothetical cell radius, defined
asc/

√
κ

δc thickness of cake layer
ε porosity of porous shell
η dimensionless parameter, defined asb/c (=β/γ)
θ polar coordinate
κ permeability
λ occupancy fraction, defined asη3

µ fluid viscosity
ξ dimensionless radial coordinate, defined as

r/
√
κ

ρp mass density of primary particle
τ stress tensor
φ volume fraction
φcs radial profile of volume fraction of composite

sphere
φsh volume fraction of porous shell of composite

sphere
φ0 proportionality constant of Eq.(38)
〈φ〉 average volume fraction
ϕ azimuthal coordinate
ψ stream function
� dimensionless drag force defined in Eq.(24)
�∞ dimensionless drag force in an infinitely dilute

limit

Subscripts
B Brinkman
c cake
cs composite sphere
CK Carman–Kozeny
D Davies
H Happel
=
3α

(A.20)

= 20β3D + 2B + 2β3F (A.21)

nd

= E − β2B − β3C − β5D + β3F + (coshβ

−β sinhβ)G + (sinhβ − β coshβ)H = −γ5D

(A.22)

q.(A.13) is then used to calculate� of Eq.(25)and to plo
igs. 2 and 3.

Nomenclature

a radius of impermeable core
â dimensionless core radius, defined asa/b
ap radius of primary particle
b radius of outer porous shell
c radius of hypothetical cell
Df fractal dimension
F drag force experienced by a composite sphe
k coefficient of Carman–Kozeny equation de

fined in Eq.(35)
k0 prefactor of Eq.(44)
N total number of primary particles in an aggre

gate
p fluid pressure
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NEN Neale, Epstein, and Nader
r radial direction
sh porous shell of composite sphere
θ angular direction

Superscripts
* porous medium
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