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Abstract
This study investigates phase transition from a fluid-like polarization layer to a solid cake layer of particle deposits during membrane filtration
of interacting colloidal particles. A Monte Carlo simulation model of dead-end filtration is used under the influences of hydrodynamic bias
from the permeation flux as well as inter-particle interactions. The model effectively demonstrates the roles of the hydrodynamic drag force
and inter-particle potential in governing the volume fraction of the particle deposit. The cake layer volume fraction is shown to be sensitive
to the combination of particle surface (zeta) potential, solution ionic strength, particle size, and applied transmembrane pressure. Further
application of the model leads to a holistic characterization of the phase transition phenomenon. The onset of phase transition is characterized
with flexibility and adaptability with concern for both physico-chemical standards, such as volume fraction and inter-particle separation
distance, as well as pragmatic considerations, such as the desire to operate the system below the critical flux and avoidance of irreversible
cake formation.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction
The phase transition from fluid to solid of particles deposited onto a membrane surface during filtration poses an
important fundamental subject of investigation in the operation of membrane separation processes. The solidification of
the particle deposit incurs significant practical and economic
ramifications. The formation of a cake layer of particles on
the membrane surface directly causes a phenomenon, termed
membrane fouling, which results in precipitous decline in
the permeation flux through the membrane. Therefore, the
efficiency of membrane filtration is greatly impaired by the
presence of a solid cake deposit. Optimal operation of a membrane unit seeks to avoid fouling by working under the point
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of phase transition, namely the initiation of a colloidal cake
layer [1,2]. Presently, the exact delineation of the point of
phase transition remains an open question with a number of
proposed methods for its characterization [3]. The purpose of
this study is to investigate the phase transition phenomenon
associated with membrane fouling using a Monte Carlo simulation model of colloidal transport and interaction in membrane filtration.
To arrive at a holistic understanding of the intricate
processes of colloidal transport in membrane filtration
necessitates a breaking down of this multiplexed problem
into individual contributions of fundamental physical
processes that comprise the overall system. Several physical
phenomena operate cooperatively and competitively in a
typical filtration system to generate the observed permeate
flux behavior. Among them, two opposing forces that play
prominent roles in affecting the system response are hydro-

292

J.C. Chen et al. / Journal of Membrane Science 255 (2005) 291–305

dynamic drag and inter-particle electrostatic repulsion [4].
Both forces act discretely on each individual particle while
experiencing many-body interferences from the neighboring
particles. So, within a suspension of colloids, a complex
network of counteracting forces will arise and will represent
one of the most crucial components of the system. Each of the
forces should be accurately described in order to develop a
consummate simulation model of colloidal membrane filtration.
To do so, an ideal model should then narrow its scope to
a microscopic scale and meticulously compute each distinct
force and displacement. A macroscopic approach offers an
expedient alternative by integrating the sum of the forces.
However, the trade-off for an integral method is that it bypasses the opportunity to investigate the system behavior in
minute detail [5–7]. A microscopic model, on the other hand,
offers the advantage of pinpointing definitively the forces that
account for each individual observed system response [8].
Such a modeling approach affords precise definition of every
physical dynamic that is at work. The many-body composition of colloidal systems renders it to be especially suitable
for a microscopic modeling technique.
The current study applies the Monte Carlo simulation
method for microscopic modeling of colloidal transport
in membrane filtration. Monte Carlo simulation utilizes a
stochastic modeling strategy that first selects discrete particle displacements with statistical randomness and then evaluates each selection on the basis of its physical validity. The
model will accept those proposed displacements that qualify
as being physically legitimate and disqualify physically unreasonable ones. As the simulation proceeds, the model generates a pool of statistically random, discrete, microscopic
particle movements from which it maps each particle trajectory. The Monte Carlo method has traditionally proven
itself to be a powerful modeling application across a myriad
of scientific and mathematical disciplines [8,9]. The emergence of the Monte Carlo method in membrane filtration
research remains in its burgeoning stage. It is our aspiration for this paper to contribute to the sustaining growth
of the Monte Carlo method as a viable modeling alternative in the research of membrane separation processes and
also to apply it to further understand the critical phase transition phenomenon occurring during colloidal membrane filtration.

2. Deﬁnition of system for modeling
2.1. Overview of membrane ﬁltration systems
Fig. 1 shows examples of membrane filtration systems
operating in the typical dead-end and crossflow modes along
with an outline of the important forces to consider. In the
dead-end mode of operation (Fig. 1(a)), the applied pressure within the system imposes a downward permeation drag
force that propels particles to accumulate on the membrane

surface. The formation of the particle deposit is stratified into
two regions, a fluid polarized layer situated above a compact
cake layer below. When an additional fluid flow in the horizontal direction is added, the mode of operation becomes the
crossflow type as shown in Fig. 1(b). Here, the particles still
will accumulate on the membrane surface during filtration,
while the added crossflow now serves to afford the particle deposit another degree of movement along the horizontal
direction.
Fig. 1(c) shows a more introspective breakdown of the
combination of forces acting together in the system. Hydrodynamic drag in the downward direction promotes particle deposition onto the membrane surface to initially form
a polarized layer of highly concentrated suspension and then
continues to further induce solidification of the polarized
layer to form a compact cake layer below it (Fig. 1(a) and
(b)). Conversely, inter-particle interactions, in particular electrostatic repulsion, mollify particle consolidation and create a more porous cake layer. Moreover, particles may coagulate into aggregate form with adhesion to one another
prior to their deposition onto the membrane surface. Under these conditions, the cake layer formation dynamics
may entail a two-stage progression where the initial deposit
on the membrane surface is a porous coagulated substructure which then undergoes a second stage of compression
and restructuring to reach the final cake layer configuration. Such a dual-stage formation is observed experimentally
in Tarabara et al. [10]. The gravitational compressive force
(Fig. 1(c)) occurs as the net resultant of the sum of all accumulated particles positioned above a particular location in
the cake layer. Furthermore, particles once deposited may
restructure their configuration. Restructuring may be traceable to a number of possible causes. Among them is the deflection of the downward hydrodynamic drag and compressive forces so as to induce lateral movement of particles.
The deflection of forces arises due to the complex interactions of many forces operating within a many-body particle configuration. When dealing with a crossflow filtration
system, the crossflow shear introduces another source of restructuring dynamics whereby particles flow laterally across
the membrane surface and possibly become re-entrained
into bulk suspension [8,11–13]. Other important considerations include aggregate breakage, inelastic particle collisions
(Fig. 1(c)), and time dependent issues such as the implications of a slow cake development in dilute suspensions with
singular particle deposition as compared to the rapid case
at high concentrations with particles depositing in clusters
[14,15].
So, colloidal membrane filtration encompasses a complex
network of counteracting physical processes that calls for a
microscopic modeling technique to accurately and precisely
describe the system. The purpose of this study is to present
a Monte Carlo simulation model of particle deposition dynamics during membrane filtration. We will focus on the
issues pertinent to the fundamental algorithms and parameters for developing the model. Two of the primary forces
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Fig. 1. (a) Schematic of a dead-end filtration system, (b) schematic of a crossflow filtration system, and (c) outline of forces driving colloidal transport,
aggregation, and breakage.

shown in Fig. 1(c), the downward hydrodynamic drag and
the inter-particle interactions, will be incorporated into the
model. The model will then be applied to investigate the
phase transition phenomenon of the polarized layer from
fluid to solid. We will relate the observation of a point of
critical flux during filtration to the occurrence of phase transition. Multiple possible definitions of critical flux are available and we will explore the applicability of each [16,17].
The significance of each proposed point of phase transition
in relationship to membrane filtration performance will be
examined.
Further extensions from the current model to include the
complete set of forces as shown in Fig. 1(c) will culminate in
a complete Monte Carlo simulation model that remains true
to the actual physical situation and can effectively investigate

significant issues such as phase transition during crossflow
filtration, among others.
2.2. Governing equations for the system
2.2.1. Equations for mass transport
The governing equation for colloidal transport in a deadend filtration system is [5,18]:


∂φ
∂
∂φ
=
D(φ)
− vφ
(1)
∂t
∂z
∂z
with boundary condition:
φ = φb at t = 0,

φ = φb at z = δcp ,
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D(φm )

∂φ
= vφm at z = 0
∂z

(2)

where φ is the volume fraction of particles, φb the bulk volume fraction, φm the particle volume fraction on the membrane surface, D(φ) the concentration-dependent diffusion
coefficient of particles [19], t the time, z the axis perpendicular to the membrane surface, δcp the thickness of the
polarization layer, and v the permeate flux.
Likewise for a crossflow system the governing equation
for mass transport becomes [5,18]:


∂φ
∂
∂φ
u
=
D(φ)
− vφ
(3)
∂x
∂z
∂z
with boundary conditions:
φ = φb at z = δcp ,

φ = φb at x = 0,

∂φ
D(φm )
= vφm at z = 0
∂z

(4)

where u is the additional crossflow velocity in the axial, x, direction. It should be noted from a comparison of Eqs. (1) and
(3) that dead-end filtration is inherently a time-dependent,
transient process while crossflow filtration will reach a timeindependent steady state of operation. The boundary condition given in Eq. (4) applies for the case of the polarization
layer in the absence of cake formation.
2.2.2. Equations for ﬁltration
In general, one of the quantities of special interest in applications of membrane filtration is the permeate flux which, for
both dead-end and crossflow filtration (after cake formation
has occurred), is governed by Darcy’s Law [20]:
vw = −v =

P
µ(Rm + Rc )

(5)

where vw is the permeate flux in magnitude, P the applied
pressure within the system, µ the absolute fluid viscosity, Rm
the membrane resistance, and Rc the cake layer resistance
further defined as
Rc = rc δc ,

rc =

9φc
Ω
2a2

(6)

where rc is the specific cake resistance, δc the cake layer
thickness, a the particle radius, φc the cake layer volume
fraction and Ω the Happel’s correction factor defined as [21]:
Ω=

1−

1 + 23 φ5/3
3 1/3
+ 23 φ5/3
2φ

− φ2

(7)

The model presented in this study will utilize MC simulation to compute the volume fraction to be inputted into Eqs.
(1)–(7) under given operating conditions to obtain the system
response.

2.3. Interaction forces in membrane ﬁltration
2.3.1. Inter-particle interaction
One of the principal input parameters to the model is the
inter-particle interaction potential. In the current study, the
inter-particle potential is modeled by DLVO theory [22,23]:
VTOT = VVDW + VEDL

(8)

where VVDW is the van der Waals’ potential and VEDL the
electrostatic double layer potential. The attractive van der
Waals’ potential between equal-sized particles can be modeled by many available expressions. In this study, it is calculated by [24]:



AH 4
4
4
VVDW = −
+
(9)
+
2
ln
1
−
12 s2
s2 − 4
s2
where AH is the Hamaker constant and s = r/a the dimensionless center-to-center separation between two particles scaled
by the particle radius a.
The electrostatic interaction potential between the particles is calculated from the linear superposition approximation
of Bell et al. [25] and Chew and Sen [26]:
128 πn0 aγ 2 kB Te−ka(s−2)
κ2 s


zs eψs
γ = tan h
4kB T


ε
εr ε 0 k B T
ε
k
T
r
0
B
=
κ−1 =
2
2
2e zs n0
2000e2 NA I
VEDL =

(10)
(11)

(12)

where κ−1 is the Debye screening length, NA the Avogadro’s
number, I the ionic strength of the solution, εr the dimensionless dielectric permittivity of water, ε0 the permittivity of free
space, n0 the ion number concentration, kB the Boltzmann’s
constant, T the absolute temperature, zs the valence of ions
in the bulk solution, e the charge of an electron, and ψs the
surface potential of the particles which can be substituted by
the zeta potential [27].
2.3.2. Hydrodynamic drag force
The second primary physical parameter inputted into the
current model is the hydrodynamic drag. The expression for
the hydrodynamic drag force derives directly from Stoke’s
law for a single particle in an infinitely unbounded medium:
FStokes = 6πµav

(13)

where µ is the fluid viscosity and v the permeate velocity. For
fluid flow through a porous medium composed of equal-sized
spherical particles, the true hydrodynamic drag force exerted
on each particle within the medium is adjusted by Happel’s
correction factor Ω, defined earlier in Eq. (7), [19]:
Fhydro = FStokes Ω

(14)
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Fig. 2. Range of particle displacements for Monte Carlo simulation.

3. Monte Carlo simulation method
3.1. Background on Monte Carlo method
Monte Carlo simulation (MC) is a stochastic modeling
method that is especially suitable to problems involving the
dynamics of particle motion because of its capability to evaluate each discrete particle displacement. A classical method
for performing MC begins by casting the process as being
Markovian, meaning that the outcome for a particle displacement depends solely on the outcome that immediately precedes it. The system progresses from one state to the next by
aid of its transition probability matrix. Metropolis et al. [28]
present the now standard Metropolis method for conducting
MC simulations using the energy of the system as the criterion to evaluate the acceptance or rejection of a MC step.
The Metropolis method begins by considering a system of
particles as shown in Fig. 2. The particle of interest i is initially located at rim . Particle i is then proposed to be displaced
randomly to a new location rin using the algorithm:
rin = rim + (2a0 − 1)δrmax

(15)

where a0 is a uniform random number between 0 and 1 and
δrmax the maximum allowable displacement. The proposed
displacement is next evaluated for acceptance or rejection.
The criterion for acceptance is the change in potential energy
Vn,m of the system computed as
Vn,m =

N

j=i

n
V (ri,j
)−

N

j=i

m
V (ri,j
)
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where β = 1/kB T. In this procedure, a uniform random number between 0 and 1, ξ, is generated and compared with
exp(−β Vn,m ). If ξ < exp(−β Vn,m ), then the uphill move
is accepted. Otherwise the proposed move is rejected for
ξ > exp(−β Vn,m ). The overall effect is that the particle proceeds with changes in potential energy Vn,m accepted with
probability exp(−β Vn,m ). If the uphill move is rejected, the
particle remains in its original position, and the non-move is
taken to be a new state nevertheless.
The modeling procedure continues by randomly selecting
successive particles for proposed displacements and evaluating each move. Hastings [29] presents an equally valid
method of selecting particles systematically according to
their indices rather than by random selection. This step eases
the number of random number generations. For the Hastings
method, an important distinction should be noted, and that
is it does not satisfy detailed balance. Manousiouthakis and
Deem [30] prove that the Hastings method only satisfies balance. Details of Monte Carlo modeling are given in Allen and
Tildesley [9].
3.2. Hydrodynamic bias Monte Carlo simulation
algorithm for colloidal membrane ﬁltration
The model in the current study utilizes a rectangular simulation box containing 1024 particles. The algorithm for the
simulation follows the method described in Section 3.1. Individual particles are assigned random proposed displacement with subsequent evaluation of the energy change of
each move. Downhill moves ( V < 0) are readily accepted
while uphill moves are subject to the probability test given in
Eq. (17).
A preliminary MC simulation is first performed to obtain
an equilibrium configuration for the particles. Details of this
procedure are given in Kim and Hoek [31]. Upon reaching an
equilibrium configuration, the simulation proceeds to model
particle motion under the influences of hydrodynamic drag
and inter-particle interaction potential. It is important to note
here that the particles should be displaced solely in one of
the three orthogonal directions (x, y, and z only) for each energy evaluation (Fig. 3). This stipulation ensures that forces
acting in a perpendicular direction to the proposed particle

(16)

If Vn,m < 0, then the proposed move is downhill and accepted. If Vn,m > 0, the proposed move is uphill and is accepted with the qualification of the probability ρn /ρm which
in the Metropolis method corresponds to the Boltzmann factor of the energy difference:
ρn
exp (−βV0 ) exp (−β Vn,m )
= exp (−β Vn,m )
=
ρm
exp (−βVn )

(17)

Fig. 3. Sequence of particle displacements during Monte Carlo simulation.

296

J.C. Chen et al. / Journal of Membrane Science 255 (2005) 291–305

displacement will not affect that particular particle move. So,
the hydrodynamic drag force, which acts in the downward
z-direction, will only come into play when particles are displaced solely in the z-direction and will not influence particle
motion in the x- or y-directions only. Such a vectorial decomposition offers faster convergence to the dynamic equilibrium
of the system. The randomness of the displacement selections
is maintained to be almost identical to the case without the
decomposition. This procedure results in a mean field hydrodynamic bias MC method.
When particles are displaced in the x or y directions only,
the expression for the energy evaluation is
Vx,y = VTOT,NEW − VTOT,OLD

(18)

where the total inter-particle interaction energy VTOT is computed according to Eqs. (8)–(12). The added subscripts NEW
and OLD signify total inter-particle energy computed at the
proposed displacement location and at the original particle
location, respectively.
Particle displacements in the z-direction only will acquire
an additional term in the energy evaluation due to the downward hydrodynamic drag force. The expression for the difference in energy then becomes:
Vz = VTOT,NEW − VTOT,OLD + FStokes Ω(znew − zold )
(19)
where znew and zold are the z coordinates of particles at the proposed displacement and original locations, respectively. For
particle motion in the z-direction, there is no cyclic boundary
condition occurring at the membrane surface. Particles are
not allowed to move below z = 0. For cases involving a cyclic
boundary condition, the simulation step must maintain balance [9,30]. The simulation proceeds with individual particle
displacements followed by energy evaluations according to
Eqs. (18) and (19) until reaching a final dynamic equilibrium
particle configuration. The criterion for ascertaining equilibration of the system is that the volume fraction of the cake
layer and average inter-particle separation between a pair of
nearest particles reach a steady state and remain constant continuously after that point. Details of this bias Monte Carlo
technique are verified and well discussed in Kim et al. [32].

4. Results and discussion
4.1. Inﬂuence of hydrodynamic drag and inter-particle
interactions on cake layer volume fraction
Fig. 4 shows the model results that simulate the deposition of particles at the membrane surface under the coupled
influences of hydrodynamic drag and inter-particle electrostatic interaction. The specific input parameters used in these
simulations are given in Table 1. In Fig. 4, the volume fraction of the particle deposit is given as a function of observed
permeate flux of the filtration system. In these simulations, a

Fig. 4. Cake layer volume fraction in relation to permeate flux with varying zeta potential. The following parameters (in addition to those listed
in Table 1) were used in the simulations: particle radius = 100 nm, ionic
strength = 10−3 M.

permeate flux is first set to a selected value. Then, the effective
permeate flux within the cake layer is adjusted for the volume fraction of the porous medium according to Eq. (12) to
yield the actual hydrodynamic drag force experienced by the
particles. The model utilizes the adjusted hydrodynamic drag
force along with the inter-particle potential to simulate particle deposition and the final cake configuration. Each curve
in Fig. 4 essentially shows the increase in volume fraction of
particles with increasing compressive force from the adjusted
hydrodynamic drag. For instance, at −30 mV zeta potential,
the cake layer volume fraction increases from 0.423 to 0.608
with corresponding increases in the observed permeate flux
from 6.9 to 82.8 m/s. Conversely, increasing the particle
zeta potential effectively strengthens the inter-particle electrostatic repulsion and prevents particles from closely approaching one another (low volume fraction). At zeta potential of −90 mV, the cake layer attains a volume fraction of
only 0.456 at observed permeate flux of 82.8 m/s, contrasted
to a much greater volume fraction of 0.608 for −30 mV.
Similar trends are shown in Fig. 5 for cake layer formation under various solution ionic strengths. Like the zeta
potential, the solution ionic strength governs the magnitude
and range of the inter-particle electrostatic interaction. At
high ionic strength, excess electrolyte ions screen the interparticle interactions and lessen the inter-particle repulsion.
For instance, at an ionic strength of 10−2 M, the cake layer
volume fraction is shown to be consistently higher than that
for 10−4 M. However, it is interesting to note that, for all
three ionic strengths at observed permeate flux 82.8 m/s,
the cake layer volume fractions converge to a value of apTable 1
Operating and system conditions for model simulations
Hamaker constant, AH (J)
Valence of ions, zs
Dielectric permittivity of water
Permittivity of free space (C2 /N m2 )
Temperature (K)
Membrane resistance (1/m)

4.6 × 10−21
1
78.54
8.854 × 10−12
298.5
1 × 1012
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Fig. 5. Cake layer volume fraction in relation to permeate flux with varying solution ionic strength. The following parameters (in addition to those
listed in Table 1) were used in the simulations: particle radius = 100 nm, zeta
potential = −30 mV.

proximately 0.6, the random loose packing ratio according
to Onoda and Liniger [33]. The hydrodynamic drag dominates the influence from the ionic strength at this point. The
results of Figs. 4 and 5 demonstrate the model’s capacity
to successfully capture the compelling and contrary impact
of hydrodynamic drag and inter-particle electrostatic interaction on cake layer formation. Comparison of Figs. 4 and 5
reveals that the zeta potential serves as a stronger differentiating agent over the ionic strength for cake formation dynamics
at high permeate flux as the profound impact of zeta potential
remains clearly evident at high permeate flux.
The consolidation of the particles is visually apparent in
Fig. 6. Note that the point of view in Fig. 6(a)–(c) spans from
the membrane surface to the bulk in the positive z-direction.
Take, for instance, the case of particle zeta potential −30 mV.
With an observed permeate flux of 6.9 m/s, the particles remain sparsely concentrated (volume fraction = 0.423), and
an appreciable average center-to-center nearest pair interparticle spacing of 2.250 times particle radius is clearly
discernible. Upon increasing the observed permeate flux to
27.6 m/s, the volume fraction rises accordingly to a value of
0.527 with average inter-particle spacing of 2.075 times radius. The particles are consolidating but still not yet in contact
with one another. A comparison of Fig. 6(a) and (b) reveals
the noticeable compression of the particles and reduction in
inter-particle spacing due to heightened hydrodynamic drag.
Finally, the particles contact one another when the observed
permeate flux reaches 82.8 m/s as seen in Fig. 6(c), with
average center-to-center inter-particle spacing of 2.002 times
particle radius (i.e., particle contact). The volume fraction of
0.608 at this point suggests that the particles are configured in
random packing [33]. The illustration given in Fig. 6 captures
well the randomness of the particle configuration.
The role of inter-particle repulsion can be seen for the case
of −90 mV in Fig. 7. In this case, the cake layer volume fraction at permeate flux 6.9 m/s is 0.331 with sparse average
center-to-center inter-particle spacing of 2.450 times particle
radius. The volume fraction compresses to only 0.456 with
average inter-particle spacing 2.175 times particle radius at
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82.8 m/s. The particles do not come into contact despite
the relatively high permeate velocity. The more porous cake
structure formed at the higher zeta potential is visibly evident.
Besides showing the effects of increasing hydrodynamic
drag force, the progression depicted in Fig. 6 provides one
possible answer to the question of phase transition. The polarized layer of colloidal particles near the membrane surface
progressively consolidates under increasing hydrodynamic
drag force to reach a point of contact among the particles.
The point of particle contact delineates the onset of a solid
phase. The volume fraction of particles need not reach ordered maximum packing but only random maximum packing.
The definition of phase transition given above proceeds
directly from inspection of the inter-particle spacing. It is
straightforward and simplistic, but does not include practical
considerations that will furnish it to be more pertinent to the
operations of membrane filtration systems. The definition of
phase transition will be addressed with greater refinement
and sophistication in Section 5, with inclusion of concepts of
critical flux and cake reversibility.
The prominent roles that the hydrodynamic drag force and
inter-particle electrostatic interaction play in cake layer formation are definitely evident in Figs. 6 and 7. Therefore, it
becomes imperative for any simulation model to accurately
characterize these two quantities. This crucial step in the development of the model will be discussed in greater detail in
Section 4.3.
4.2. Sensitivity of cake volume fraction to particle size
Fig. 8 shows the model results for simulations of different sizes of particles. As the hydrodynamic drag force is a
function of the particle radius according to Eq. (13), it would
follow that a smaller particle radius would then produce particle configurations of lower volume fraction. For instance at
82.8 m/s permeate flux, the particle volume fraction drops
off from a value of 0.659 for 200 nm particles to 0.489 for
50 nm particles. So, the particle radius proves to be another
important model parameter. The need to accurately size the
model particles stands without question. However, implications of the sensitivity of the particle configuration to the
radius pervades to other deeper issues.
For filtration of polydisperse suspensions, one belief about
the polydisperse particle size distribution states that the
smaller particles will occupy void spaces between the larger
ones and thereby increase the overall volume fraction [34,35].
However, this notion should be conditioned by the observation that particles of various sizes will experience different
hydrodynamic drag forces. So, the deposition dynamics of
particles will vary according to the particle sizes. Therefore,
the possibility exists that within the cake layer there may be
a disproportionate particle size distribution that is different
from the distribution in the bulk phase. Instead of the situation with void-filling by smaller particles, the cake layer may
exhibit a stratification with respect to particle size where the
larger particles are abundant throughout and smaller parti-
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Fig. 6. Illustrations of final particle configurations. (a) Observed permeate flux = 6.9 m/s, particle radius = 100 nm, ionic strength = 10−3 M, zeta potential = −30 mV, volume fraction = 0.423, average center-to-center inter-particle spacing = 2.250 times particle radius. (b) Observed permeate flux = 27.6 m/s,
particle radius = 100 nm, ionic strength = 10−3 M, zeta potential = −30 mV, volume fraction = 0.527, average inter-particle spacing = 2.075 times particle radius. (c) Observed permeate flux = 82.8 m/s, particle radius = 100 nm, ionic strength = 10−3 M, zeta potential = −30 mV, volume fraction = 0.608, average
inter-particle spacing = 2.002 times particle radius.

cles deposit mostly near the top portions of the cake layer.
Now the smaller particles contribute not a void-filling effect
but only a higher specific resistance within a certain concentrated region in the cake layer.
In addition, complications will arise in crossflow filtration
of polydisperse particles. Here, the larger particles will experience greater hydrodynamic drag from the crossflow and
be more susceptible to re-entrainment back into the bulk.
The tendency for the larger particles to re-entrain will work

against its faster downward velocity. So, once again, the situation portrays a complex counteraction between two hydrodynamic drag forces, permeation and crossflow, both of
which are functions of a polydisperse particle distribution.
This may then explain the contradictory findings intimated
in some studies that the crossflow functions to reduce the permeate flux [11,36] when the traditional view contends just the
opposite. Thus, a macroscopic generalization of the system
response to variations in particle sizes is open to exceptions
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Fig. 7. Illustrations of final particle configurations. (a) Observed permeate flux = 6.9 m/s, particle radius = 100 nm, ionic strength = 10−3 M, zeta potential = −90 mV, volume fraction = 0.331, average center-to-center inter-particle spacing = 2.450 times particle radius. (b) Observed permeate flux = 27.6 m/s,
particle radius = 100 nm, ionic strength = 10−3 M, zeta potential = −90 mV, volume fraction = 0.401, average inter-particle spacing = 2.250 times particle radius. (c) Observed permeate flux = 82.8 m/s, particle radius = 100 nm, ionic strength = 10−3 M, zeta potential = −90 mV, volume fraction = 0.456, average
inter-particle spacing = 2.175 times particle radius.

as those observed in Mackley and Sherman [11,36]. But, a
microscopic model such as MC simulation is sufficiently robust to capture such anomalies by rigorously computing each
individual particle trajectory.
4.3. Selection of model parameters
Figs. 4, 5 and 8 have clearly demonstrated the considerable impact of the hydrodynamic drag and inter-particle

potential on the eventual cake layer volume fraction. Therefore, the selection of models for these two quantities should
be undertaken with diligence and scrutiny. Modeling the hydrodynamic drag force by Stokes law as given in Eq. (13)
is historically proven and established to be correct [37]. So,
attention now shifts to the inter-particle interaction, which remains an open question in terms of how to accurately model
the van der Waals and electrostatic potentials. In this study,
the model for the inter-particle electrostatic potential is given
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Fig. 8. Cake layer volume fraction in relation to observed permeate flux
with varying particle radius. The following parameters (in addition to those
listed in Table 1) were used in the simulations: zeta potential = −30 mV, ionic
strength = 10−3 M.

in Eqs. (10)–(12). This model relies on using a linear superposition approximation with constant potential. Rigorous
derivation and defense of this method are given in Bell et al.
[25] and Chew and Sen [26].
Other expressions for electrostatic double layer interaction
are available. Among them are the fundamental expressions
for interactions at constant surface potential, constant surface
charge, and many more other models [3,38]. A thorough discussion of the various options available is given in Chen and
Kim [8].
The choice of models bears significant consequences. To
further illustrate this point, a parameter R is introduced to
gauge the relative magnitude of the downward hydrodynamic
drag versus the inter-particle electrostatic potential:
R=

Fhydro
Vs / r

(20)

where Vs is the difference in inter-particle potentials measured at a particle separation of 2.5 times particle radius, with
a displacement r of 0.1 times particle radius. Eq. (20) essentially measures the ratio of the hydrodynamic force that
the particle experiences while displacing 0.1 times particle
radius in the negative z-direction towards another particle 2.5
times particle radius away versus the resistance against this
displacement from the inter-particle repulsion.
Fig. 9 shows the particle volume fraction as a function of
the logarithm of R. The curves exhibit two distinct regions.
In region I, the particle volume fraction is an increasing function of log R. This is an expected trend and signifies that a
greater hydrodynamic drag will compress the particle configuration and generate a higher volume fraction. The model
implemented in the current study according to Eqs. (10)–(12)
does in fact fall within region I as supported by results given
in Figs. 4, 5 and 8. However, in region II, the volume fraction becomes a decreasing function of log R. In this case, the
hydrodynamic drag has surpassed a threshold beyond which
it is so strong relative to the inter-particle potential that particles coalesce rapidly with less opportunity to reorder or re-

Fig. 9. Sensitivity of cake layer volume fraction to the relative magnitudes
of hydrodynamic drag force vs. inter-particle potential. The following parameters (in addition to those listed in Table 1) were used in the simulations:
(a) ionic strength = 10−1 , (b) ionic strength = 10−2 .

structure their configuration. As a result, the volume fraction
decreases with increasing hydrodynamic drag. Switching to
a different model for the inter-particle potential or varying
the magnitude of the physical parameters inputted into the
model may cause the model to shift from region I to region
II or vice versa.
Fig. 9(a) and (b) also shows a comparison of the behavior of the ratio log R in response to adjustments in the
ionic strength. With a lower ionic strength of 10−2 M in
Fig. 9(b), the values of log R decrease significantly from
that of Fig. 9(a). This is because at a lower ionic strength,
inter-particle repulsive interactions are stronger and therefore greatly reduces the ratio of hydrodynamic force versus
inter-particle repulsion. Nevertheless, even when the interparticle repulsions are stronger, a threshold still exists where
the particle deposition dynamics will transition into a region
II behavior as shown in Fig. 9(b).
Here it should be noted that a model that falls under region II does not automatically disqualify it as being incorrect.
That is because of the presence of counterbalancing forces
in the system that will allow for the particles to restructure
into configurations of higher volume fraction. Those forces
include crossflow shear and compression by gravity. The formation of the cake layer may involve a two-stage process
where particles first readily deposit on the membrane surface at lower volume fractions (region II behavior) and then
subsequently restructure or collapse into a final formation
of high volume fraction [10]. This trend may be present in
dilute bulk suspensions where particles deposit singularly
onto the membrane surface. So, in a system involving a dilute bulk suspension in crossflow filtration, the dynamics of
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cake formation may extend beyond a simple region I relationship between the downward hydrodynamic drag and the
inter-particle potential. Therefore, the selection of models to
implement should not be aimed solely at seeking a region I
behavior.
What Fig. 9(a) and (b) do convey are the repercussions
that result from the sensitive choice of mathematical expressions and values to input to define the system. For the model
in the current study, two quantities have been identified to
be paramount: hydrodynamic drag force and inter-particle
potential. Which model to choose and what values to input
for its physical parameters? That is among the most important questions for the development of a model that remains
responsible to the true situation. The final decision should
be rigorously tested against experimental observation of the
actual physical parameters. The mandate for judicious selection of the model to implement appears overly obvious, and
likewise, the testing of physical parameters may be relegated
as mundane detail. However, these simple yet crucial steps of
inspection are often overlooked in the development of model
simulations.

5. Critical ﬂux and phase transition
5.1. Deﬁnition of critical ﬂux
In Section 4.1, one of the possible definitions for the point
of phase transition from a fluid-like polarization layer to a
solid cake layer has been given. It relies on the inter-particle
separation distance as the defining criterion for phase transition. Phase transition is identified to be the point where particles come into contact with one another (surface-to-surface
inter-particle separation equals zero). As mentioned previously, this view is intuitively clear but may not bear practical
significance as it does not relate itself to the operational performance of a membrane filtration system. More pragmatic
interpretations of phase transition may be formulated by integrating the concept of an observed critical flux during the
filtration cycle.
Some ambiguity still remains about the exact interpretation of the critical flux [16,39–41]. The opinions of several authors, for instance Howell et al. [41], Chang et al.
[1], and Chan and Chen [42], are converging in agreement
to the critical flux concept introduced by Field et al. [16].
Field et al. [16] classifies the critical flux into two subcategories, the strong and weak forms. The strong form of
the critical flux states that there exists a point below which
the filtration of a colloidal suspension will yield the same
flux as pure water for the same applied pressure [16,17].
The weak form relaxes this stringent guideline and casts the
critical flux as the point below which a linear relationship
exists between the applied pressure and permeate flux. The
slope of the linear relationship is allowed to differ from that
of the pure-water flux [16,17]. The interpretation of Field
et al. [16] will be applied here to refine the simplistic ap-
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proach regarding the point of particle contact as indicating
phase transition so as to arrive at a more holistic set of pragmatic criteria adaptable to various filtration operating conditions.
5.2. Relating critical ﬂux to phase transition
A dead-end filtration system, shown in Fig. 1, will be modeled here. No crossflow shear occurs in the dead-end system.
The only forces present are the applied pressure and interparticle potential. For this case, a system of equations is first
solved, Eq. (5) and the two equations [31]:


√
P
2φb rc vw0
δc =
( 1 + αt − 1),
α=
µrc vw0
(φc − φb )Rm
(21)
Solving this set of equations will yield the system response
of permeate flux as a function of applied pressure, shown in
Fig. 10. For a dead-end filtration system, the particle deposit
will continually build up over time, and so the system response will also vary with time of filtration (2 and 5 h). At
5 h, a thicker cake layer has accumulated and so the yield in
permeate flux is lower than after 2 h of filtration.
The two forms of the critical flux are identifiable from the
curves in Fig. 11. The strong form of the critical flux occurs
at low applied pressures as the system response deviates from
the clean water flux. For the case of 10−3 M ionic strength
and 5 h of filtration, the strong form of the critical flux occurs at applied pressure of 6.894 kPa (1 psi) (Fig. 11(a)). The
volume fraction of the cake layer is 0.472 with thickness

Fig. 10. Observed permeate flux as a function of applied pressure for
2 and 5 h of dead-end filtration. The following parameters (in addition
to those listed in Table 1) were used in the simulations: (a) zeta potential = −30 mV, ionic strength = 10−1 M, particle radius = 100 nm; (b) zeta
potential = −30 mV, ionic strength = 10−3 M, particle radius = 100 nm.
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appropriate to designate this to be another possible point of
phase transition. The weak form of the critical ﬂux demarcates the onset of phase transition from concentration polarization to a particle deposit that will substantially restrict
ﬁltration performance. The particles need not be in contact;
the underpinning criterion adopts a practical consideration
where an incremental increase in the applied pressure will
yield only limited increase in permeate ﬂux. The rationale
behind this perspective argues that the transition from a fluid
to solid phase should be defined in terms of the impact on
filtration performance. Once a significant decline in filtration
productivity is observed, the solidification of the cake layer
is deemed to occur. A summary of the strong and weak forms
of the critical flux for the case of ionic strength 10−3 M is
given in Fig. 12.
5.3. Cake irreversibility

Fig. 11. Identification of the strong form of the critical flux. The following parameters (in addition to those listed in Table 1) were used in the
simulations: (a) zeta potential = −30 mV, ionic strength = 10−3 M, particle
radius = 100 nm. The volume fraction of the cake layer at the strong form of
the critical flux is 0.472 with cake thickness 28.6 m and average center-tocenter inter-particle separation distance of 2.250 times particle radius; (b)
zeta potential = −30 mV, ionic strength = 10−3 M, particle radius = 100 nm.
The volume fraction of the cake layer at the weak form of the critical flux
is 0.537 with cake thickness 136 m and average inter-particle separation
2.195 times particle radius.

28.6 m and average center-to-center inter-particle separation distance of 2.25 times particle radius. There is very little
basis to assign the strong form of the critical flux as the point
of phase transition. First, the particles are not in contact. Second, the particle deposit does not greatly affect the system
behavior (only the beginning of a deviation from the clean
water flux is observed). The strong form of the critical flux
fails on both fronts, the simplistic view of phase transition in
terms of particle contact and the practical view in terms of
operational impact. Therefore, the strong form of the critical
flux only defines the presence of a fluid-like polarized layer
(i.e., concentration polarization).
From Fig. 11(b), the weak form of the critical flux for the
case of 10−3 M ionic strength occurs at 55.152 kPa (8 psi)
applied pressure with volume fraction 0.537, cake thickness
136 m, and average center-to-center inter-particle separation 2.195 times particle radius. Here again the particles are
not in contact. However, a significant change in filtration behavior does occur. Once the system diverges from the linear
relationship beyond the weak form of the critical flux, the
filtration performance begins to decline greatly. As can be
seen from Fig. 10(a) and (b), a large increase in the applied
pressure after the critical flux will no longer generate nearly
the comparable increase in flux as prior to the critical flux.
This deterioration in productivity caused by the cake layer
is commonly termed membrane fouling. It would then be

Finally, besides the point of particle contact and the critical
flux, another alternative for defining phase transition relies on
the idea of cake irreversibility [40,43,44]. After the particles
come into contact, continued exertion of pressure will lead
to their adhesion, which produces an irreversible cake layer.
An irreversible cake layer will remain on the membrane even
after a release of the applied pressure. The cake layer formed
is permanent in contrast to the case of mere particle contact
where the solidified deposit will disintegrate upon release of
the applied pressure. The formation of an irreversible cake
layer bears serious ramifications for filtration operations. A
typical membrane filtration system will operate according to
cycles of membrane cleaning. An irreversible cake layer may
persist after the cleaning procedure and permanently exacerbate the system performance. So, another practical designation of phase transition has been recognized. Phase transition
indicates the occurrence of an irreversible cake layer where
particles are in contact and adhered. The cake layer formed
is permanent and will persist upon a release of pressure and
may be resistant to cleaning. This viewpoint bases its justi-

Fig. 12. Summary of the strong and weak forms of the critical flux. The
following parameters (in addition to those listed in Table 1) were used in
the simulations: zeta potential = −30 mV, ionic strength = 10−3 M, particle
radius = 100 nm.
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Fig. 13. Summary of the relationship between various definitions of phase transition.

fication on the idea of permanence of the phase transition.
A solid phase should be enduring and not temporal in that
it should remain regardless of the applied pressure, which
precisely defines an irreversible cake formation.
So, a multiplicity of perspectives is available to characterize the point of phase transition from a fluid-like polarized
layer to a solid cake. Fig. 13 provides a summary of these classifications. Which definition of phase transition is valid would
depend on the mode of operation of the filtration system. For
instance, if efficient productivity is sought, the weak form of
the critical flux would be the relevant parameter for gauging
phase transition. Likewise, if effective membrane cleaning is
the guideline for operation, then the criterion for phase transition can be relaxed to correspond to the point of cake irreversibility. The definitions of phase transition should remain
multifarious and flexible so that it can be adaptable to a vast
range of operating conditions and standards of performance.

6. Conclusion
This study endeavors to develop a comprehensive Monte
Carlo simulation of colloidal membrane filtration for the purposes of investigating the phase transition phenomenon of the
particle deposit from a fluid-like polarization layer to a solid
cake. Colloidal membrane filtration involves a complex array
of counterworking forces acting simultaneously. The set of
physical processes that govern filtration includes crossflow
shear, permeation drag, inter-particle interaction potential,
gravitational compression, restructuring of the deposit, particle aggregation, breakage of aggregate, and particle collisions. Such an elaborate system bewilders macroscopic modeling techniques that apply averaged values of the physical
parameters and thereby lose valuable information about the
inner workings of the intricate system. So, the problem of colloidal membrane filtration casts hydrodynamic bias Monte
Carlo simulation as an extremely advantageous alternative
that possesses the efficacy to capture the minute details of ev-

ery distinct force and particle displacement. Monte Carlo simulation has traditionally been widely accepted in the physical
sciences. Among the objectives of this study is to reinforce
the fledgling extension of this powerful modeling technique
into membrane separation and fouling studies.
The model presented in this study has completed the preliminary stages of development. It competently models the
concurrent effects of the permeation hydrodynamic drag and
inter-particle interaction potential on the dynamics of particle
deposition onto the membrane surface. The interplay between
these two forces is shown to be among the most crucial elements that determine the physical accuracy of the model. Furthermore, the model is applied to gain insights into the phase
transition phenomenon of the particle deposit. Three possible criteria for phase transition are identified—weak form of
the critical flux, particle contact, and irreversible adhesion
of particles. Multiple characterizations of the point of phase
transition allow for incorporation of practical considerations
such as filtration performance and, therefore, offer the flexibility for adaptation to a wide range of physical situations.
The current study will continue by progressively adding
further considerations for the variegated array of forces and
phenomena mentioned above. The model in its final form
will approach a close facsimile of real systems. Many of
the important topics of study in membrane filtration such
as membrane fouling and locally varying dynamics of cake
layer formation can be simulated by a comprehensive robust
model. The outlook of the current model is optimistic with
promising new developments and applications to follow.
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Nomenclature
a
a0
AH
D(φ)
e
I
kB
n0
NA
P
rc
rim
R
Rc
Rm
s
T
u
VEDL
VVDW
Vn,m
zs

particle radius
uniform random number between 0 and 1
Hamaker’s constant
concentration-dependent diffusion coefficient
of particles
charge of an electron
ionic strength of the solution
Boltzmann’s constant
ion number concentration
Avogadro’s number
applied pressure within the system
specific cake resistance
particle location
parameter characterizing ratio of hydrodynamic drag to inter-particle potential
cake layer resistance
membrane resistance
dimensionless center-to-center separation
absolute temperature
crossflow velocity
inter-particle electrostatic potential
van der Waals’ potential
change in potential energy
valence of ions in the bulk solution

Greek letters
δc
cake layer thickness
δrmax maximum allowable displacement
εr
relative permittivity of water
ε0
permittivity of free space
Debye screening length
κ−1
µ
absolute dynamic fluid viscosity
v
permeate flux
vw
permeate flux in magnitude
ξ
a uniform random number between 0 and 1
ρn /ρm Boltzmann factor of the energy difference
φ
volume fraction of particles in the cake layer
φb
bulk volume fraction of particles
cake layer volume fraction
φc
φm
particle volume fraction at the membrane surface
ψs
surface potential of the particles
Ω
Happel’s correction factor
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