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Abstract
The ideal aggregate characterized by the quadratically increasing permeability κ(r) = k2 r 2 is investigated to estimate the specific cake resistance
(i.e., inverse permeability) of a cake layer composed of deposited aggregates formed in the diffusion-limited-cluster-aggregation (DLCA) regime.
Happel’s cell model is employed in this study by embedding the ideal aggregate in the center of a spherical cell of tangential stress-free surface.
The specific resistance is analytically calculated as a function of the occupancy fraction and then compared to those of conventional cake layers
of equal-sized spherical colloids and uniformly porous spheres. The DLCA cake layer provides significantly less specific resistance and therefore
shows the remarkable potential of aggregate-enhanced membrane filtration (AEMF) as a new protocol for colloidal filtration. The settling velocity
of a swarm of the ideal aggregates is investigated as a by-product and experimental verification of this theory.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
Conventional colloidal fouling in microfiltration (MF) and
ultrafiltration (MF) can be classified into two categories, i.e.,
concentration polarization (CP) [1–6] and cake formation [5,7–
11]. Particle morphology is effectively controlled by interparticle interactions (typically described by the Derjaguin–Landau–
Verwey–Overbeek (DLVO) theory) [12,13] and hydrodynamic
flow conditions [5,14]. Increasing ionic strength effectively suppresses the electrostatic double-layer repulsion [9,15,16] and
causes a phase transition from liquid-like CP to solid-like cake
[17]. At a high ionic strength and above the critical coagulation
concentration (CCC) of the particle feed suspension, rapid aggregation can occur due to the dominant van der Waals forces
[18,19]. Therefore, the diffusion-limited aggregation (DLA) and
diffusion-limited cluster aggregation (DLCA) [20–22] occur
with attractive primary particles and proceed faster than the
reaction-limited aggregation [23–27].
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Several experimental studies showed that pre-aggregation –
defined in this study as aggregation of particles in the feed tank
before the particles are introduced to the membrane surface –
remarkably enhances the permeate flux of colloidal membrane
filtration [28–31]. The deposited aggregates can be simply pictured as large porous particles of approximately the same size
[32,33] (possibly) with varying permeability in the radial direction [34–36]. The sizes of porous aggregates are typically one or
two orders of magnitude greater than the constituent primary particles [21,37,38] and therefore result in remarkable gains in the
permeate flux [28–31]. This phenomenon is termed aggregateenhanced membrane filtration (AEMF).
To predict performance of the AEMF protocol, quantification of the aggregate cake resistance is of crucial importance.
The specific resistance, i.e., the cake resistance divided by the
cake thickness is, in general, a function of average sizes, overall porosity, and fractal dimension of aggregates and primary
particle size. One possible method is use of traditional permeability expressions [32,39–41], which is equivalent to replacing a highly porous aggregate by a volume-equivalent solid
sphere of much smaller size. Another method is to generate a uniformly porous sphere of the same size as the fractal aggregate. Although the two methods provide a concep-
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tual understanding in terms of equivalent spherical objects,
in principle they cannot fully address effects of fractal structure on the hydrodynamic drag because aggregates have dense
cores and sparse edges, providing a unique internal flow field
[37,42].
It is worthwhile to review the historical development of hydrodynamic force estimation of spherical objects. Drag forces
exerted on isolated spherical objects such as a solid sphere,
a uniformly porous sphere, and a composite sphere (i.e., a
solid sphere covered with a porous shell) were developed
by Stokes, Brinkman [32], and Masliyah and Neale [43], respectively. Happel [40] developed a spherical cell model of
free tangential stress to study hydrodynamic drag acting on
a swarm of Stokes’ solid spheres, and Neale et al. [44] replaced Stokes’ solid sphere with Brinkman’s uniformly porous
sphere in Happel’s cell model. This approach was extended
by Kim and Yuan [45], who studied the creeping flow over
a swarm of equal-sized composite spheres [43] and provided
the most general solution of the five previous studies by Stokes
[46,47], Brinkman [32], Masliyah and Neale [43], Happel [40],
and Neale et al. [44]. Spherical objects in the above studies
were solid, uniformly porous, or composite spheres, in which
the aggregate fractality can be reflected only in approximate
ways.
Several numerical studies were conducted to calculate the
hydrodynamic drag force exerted on a (presumably) spherical aggregate characterized by its radius and fractal dimension
[34,35,48]. They assumed either constant [48] or varying permeability [34,35] with Happel’s model to link radial volume fraction and azimuthally uniform permeability. Aggregates of fractal
dimensions less than two, such as formed in the DLCA regime
[21], show tree-like branched structures. Therefore, Davies’ experimental correlation for fibrous media [49] provided a better
approximation rather than Happel’s model, especially for sparse
DLCA aggregates. While all the other works above were numerical studies for fractal aggregates with varying permeability, Kim
and Yuan [36] derived the stream function and hydrodynamic
drag force for an ideal aggregate of quadratically increasing permeability in the radial direction. By using Davies’ correlation,
they found that the ideal aggregate of the quadratic permeability
highly corresponds to DLCA aggregates [21].
To systematically study the AEMF, an analytical representation of the specific cake resistance of a swarm of deposited aggregates is of great necessity. In the current theoretical poverty
regarding aggregate-cake resistance, this study therefore aims
to incorporate Happel’s cell model [40] with Kim and Yuan’s
work [36] to derive the hydrodynamic resistance of a swarm of
aggregates that are formed in the DLCA regime and then deposited on the membrane surface. Verification of this theory is
performed by comparing experimental and theoretical studies
in literature for hydrodynamic radius and settling velocity of
DLCA aggregates.
2. Theoretical
A system of deposited DLCA aggregates on the membrane
surface is mimicked by an ideal aggregate of radius b, lo-
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Fig. 1. Free-surface cell model applied to an isolated ideal aggregate with
quadratically increasing permeability.

cated at the center of a spherical cell of radius c, as shown
in Fig. 1. The ideal aggregate is illustrated as a porous sphere
with quadratically increasing permeability in the radial direction
[36]
κ(r) = k2 r2

(1)

where k2 is a permeability prefactor. Relative to the ideal aggregate, an azimuthal symmetry is applied to the creeping flow
of Newtonian fluid with absolute viscosity in the steady state.
Using this mathematical advantage, a spherical coordinate is
selected as a reference frame, and only radial and tangential
components are considered based on the axial symmetry. The
incompressible Newtonian flow exterior to the aggregate is described by the Stokes and continuity equations and, inside the
ideal aggregate, conservation of momentum is represented by
the Brinkman and continuity equations. The effective viscosity
within the aggregate is assumed to be equal to the absolute fluid
viscosity. The boundary conditions incorporated in this study are
(i) finite velocity field at the center of the aggregate, i.e., r = 0,
(ii) continuity of flow field and stress tensor components at the
aggregate surface, i.e., r = b, and (iii) the vanishing tangential
stress at the surface undergoing the ambient fluid velocity V such
as
τrθ (c, θ) = 0

(2)

ur (c, θ) = V cos θ

(3)

with 0 < θ < 2π, where τrθ and ur represent the tangential
stress tensor and radial velocity component, respectively. Although employing a different type of boundary condition [50]
is possible by considering vorticity instead of tangential stress,
this study follows the historical development of Happel’s cell
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model [40,44,45] using Eq. (2) for theoretical consistency. Details of mathematical representations can be found in our previous work [36]. The continuity and azimuthal symmetry of
the fluid flow give the mathematical simplicity under which
stream functions outside and inside the aggregate are represented
as [36]
1
ψ(ξ, θ) = − Vb2 (Aξ −1 + Bξ + Cξ 2 + Dξ 4 ) sin2 θ for ξ ≥ 1
2
(4)

G=

6
{−[−(n4 − 1)(n4 − 2)(n4 + 1)k2 + n4 ]γ 6
Jγ (n4 − n3 )
− [−(n4 − 1)(n4 − 2)(−n4 + 4)k2 − n4 ]γ}

H=

(13)

6
{−[(n3 − 1)(n3 − 2)(n3 + 1)k2 − n3 ]γ 6
Jγ (n4 − n3 )
− [(n3 − 1)(n3 − 2)(−n3 + 4)k2 + n3 ]γ}

(14)

and

where

1
ψ∗ (ξ, θ) = − Vb2 (Eξ n1 + Fξ n2 + Gξ n3 + Hξ n4 ) sin2 θ
2
for ξ ≤ 1

Jγ = {2[(n4 − 1)(n4 + 1)(n3 − 1)(n3 + 1)k2 + n3 n4 + 1]γ 6

respectively, where ξ = r/b, and
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+ 3[(n4 − 1)(n4 − 4)(n3 − 1)(n3 − 4)k2 + n3 n4 − 4]γ
− 2(n4 − 2)(n4 − 4)(n3 − 2)(n3 − 4)k2 − 2n3 n4 + 16}
(15)
and
γ=

[(n3 − 1)(n3 − 2)(n4 − 1)(n4 − 2)k2 + n3 n4 − 2]γ 6
Jγ

= 6πμVb

1
{3[−(n3 + 1)(n3 − 2)(n4 + 1)(n4 −2)k2 −2 − n3 n4 ]γ 6
Jγ

1
{2[(n3 − 1)(n3 + 1)(n4 − 1)(n4 + 1)k2 + n3 n4 + 1]γ 6
Jγ
+ 3[(n3 − 1)(n3 − 4)(n4 − 1)(n4 − 4)k2 + n3 n4 − 4]γ}
(9)
[−(n3 − 1)(n3 − 2)(n4 − 1)(n4 − 2)k2 − n3 n4 + 2]γ
Jγ
(10)

E=0

(11)

F =0

(12)

π

[τrr cos θ − τrθ sin θ]r=b sin θ dθ
Q

(17)

2
=− B
3

(18)

where
Q (k2 , γ)

(8)

D=

Fdrag = 2πb2
0

+ 2[−(n4 − 2)(n4 − 4)(n3 − 2)(n3 − 4)k2 + 8 − n3 n4 ]γ}

C=

(16)


(6)

(7)
B=

c
≥1
b

Integrating the net z-component of the normal and tangential
stress distributions over the entire aggregate surface yields the
hydrodynamic drag force acting on the ideal aggregate:

To satisfy the boundary conditions described above, the eight arbitrary constants in Eqs. (4) and (5), A to H, should have specific
analytic forms:
A=

+ 3[−(n4 + 1)(n4 −2)(n3 + 1)(n3 − 2)k2 − n3 n4 − 2]γ 5

(5)

The physical meaning of Q is the ratio of hydrodynamic
drag force experienced by the ideal aggregate of radius b in
the aggregate swarm to the force exerted on an isolated impermeable sphere of the same radius. The subscript Q stands
for the quadratic permeability of the ideal aggregate. Here, the
specific cake resistance rc , defined as the cake resistance divided by the cake thickness (i.e., the linear resistance gradient) or the inverse permeability of the cake layer [45], can be
expressed as:
rc =

Q

2b2 /9λ

(19)

where λ = 1/γ 3 , which is defined as the occupancy fraction [45]
and always greater than the volume fraction φ of the aggregate
cake because of the porous space within the ideal aggregate.
It is worth noting that the denominator of Eq. (19) stands for
the permeability of solid impermeable spheres of radius b in a
dilute limit when λ is interpreted as the volume fraction of the
spheres.
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Sorenson and Robert [51] used a similar relationship, i.e.
 Df
Rg
(28)
N = k0
ap

3. Results and discussion
3.1. Convergence to previous work
With a finite occupancy fraction of λ, Happel’s correction
factor can be retrieved by taking the limit of k2 → 0, i.e.
lim

k2 →0

Q

≡

H

=

1 + (2/3)λ5/3
1 − (3/2)λ1/3 + (3/2)λ5/3 − λ2

(20)

In this case, the ideal aggregate becomes an impermeable solid
sphere so that any flow cannot penetrate the interior of the ideal
aggregate. The occupancy fraction λ(= b3 /c3 ) of the ideal aggregate is therefore transformed into the volume fraction of
equal-sized spherical particles of the same radius b.
The single presence of the ideal aggregate is described by
taking the limit of γ → ∞ so that the outer cell of radius c
of Fig. 1 disappears accordingly. Then, the eight coefficients,
A to H, of Eqs. (7)–(14) become identical to those obtained
in Kim and Yuan’s previous work [36]. They used equality of
the quadratic permeability in Eq. (1) to Davies’ experimental
correlation, approximated as
κ=

ap2
16φ1.5 (1 + 56φ3 )



ap2
16

φ−3/2

with the fractal profile of the radial volume fraction
 Df −3
r
1
φ = kf D f
3
ap

(21)

(22)

where ap is the primary particle radius and Df is the fractal
dimension. The average volume fraction is calculated as
 Df −3
 b
b
1
2
(23)
φ(r)4πr
dr
=
k
φ =
f
(4π/3)b3 0
ap
So, the average aggregate porosity is
 Df −3
b
= 1 − kf
ap

(24)

After Eq. (22) is substituted into Eq. (21), the exponent of r
is equated to two, as in Eq. (1). Then, the calculated fractal
dimension is
5
2
Df = 3 + 2 × (−) = = 1.67
(25)
3
3
which is slightly lower than the typical fractal dimension of 1.75
in DLCA aggregates [21]. The approximation used in Eq. (21) is
more valid for porous structures of low volume fraction φ, such
as sparse DLCA aggregates.
The relationship between the total number of primary particles, N, within the aggregate is
 Df
b
N = kf
(26)
ap
where kf is a proportionality constant, which is linked to k2 as
k2 =

27
(5kf )−3/2
16
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(27)

with the gyration radius of the aggregate given as [52]

Df
Rg = b
Df + 2

(29)

and performed DLCA simulations that created 24 different aggregates in three dimensional space to find a correlation between
k0 and Df . From their results, we take k0 = 1.60 for Df = 1.67
and calculate the values of kf and k2 as 0.83 and 0.20, respectively.
3.2. Comparison to other work
Our approach can be verified in terms of settling velocities
of fractal aggregates, investigated by theoretical, simulational,
and experimental ways. In general, aggregates have irregular
internal structures due to their fractal nature [53–55]. Because
of technical difficulties in locating coordinates of constituent
primary particles within aggregates, settling velocity of whole
aggregates is often measured and used to correlate the number
of primary particles, aggregate size, mass density, and fractal
dimension using modified Stokes’ law [56–58]. Although the
overall porosity of an aggregate reflects the fractal dimension
into the power law as shown by
 Df −3
b
1− ∝
(30)
ap
the modified Stokes’ law still treats a fractal aggregate as a uniformly porous sphere of porosity .
In this light, Li and Logan [59] developed the cluster-fractal
model, in which an aggregate is considered to be a collection
of a number of smaller aggregates, called fractal generator of
the same fractal nature. This model is, therefore, suitable for
investigating tenuous aggregates formed in a DLCA regime. Li
and Logan [59] defined a dimensionless settling velocity, Γ , as
Γ =

Ua
Us

(31)

where Ua and Us are the respective settling velocities of an aggregate and an impermeable sphere of the same mass with a
common radius, b. The identical bulk mass density, ρb , for both
the aggregate and impermeable sphere is
ρb = ρp (1 − ) + ρf

(32)

where ρp and ρf are mass densities of the primary particle of
radius ap and the fluid, respectively. In this case, the settling
velocity ratio, Γ , of an ideal aggregate can be also expressed
using Q as
Γ =

6πμbUa /(Fg − Fb )
Ua
1
=
=
Us
6πμbUs /(Fg − Fb )
Q

(33)

where Fg and Fb are gravitational and buoyant forces equally
exerted in magnitude on the aggregate and impermeable sphere.
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Li and Logan [59] calculated Γ = 1.7 with Df = 1.7 using the
cluster-fractal model for large aggregates composed of more
than 30 fractal generators. They also verified the model by comparing it with a previous experimental study of the settling velocity ratio of Γ = 2.3 with Df = 1.81, which provided good agreement of their theoretical and experimental results [60]. Similar experimental studies on the fractal dimension can be found
elsewhere [56]. Our current model development is specifically
for DLCA aggregates, of which fractal dimension is (about)
1.67. Using the designated fractal dimension, we calculated
Q (k2 = 0.2, γ → ∞) = 0.59 so Γ = 1/0.59 = 1.69, which
provides excellent agreement with Li and Logan’s theoretical
work, which has been experimentally validated.
The current theory can be compared with Chen et al.’s work
[61] in terms of the ratio of hydrodynamic radius, Rh , to gyration radius, Rg , of the ideal aggregate. They created 133 DLCA
aggregates with different numbers of primary particles and indicated Rh /Rg = 0.875 regardless of the cluster sizes. Using
Df = 1.67 and k2 = 0.2, we performed the same calculation of
the Rh /Rg ratio as

Rh
Df
b Q
= Q
= √
(34)
Rg
Df + 2
b Df /(Df + 2)
and obtained a value of 0.875, which is identical to Chen et al.’s
work [61]. Their fractal dimension of the DLCA aggregates is
1.78, which is very close to Weitz and Olivera’s experimental
observation [21] and slightly higher than 1.67.
For additional comparison, we also used our mapping method
of a composite sphere (i.e., a solid spherical core covered with a
porous shell) on an arbitrary aggregate [45]. For this analysis, the
same values of Df and k2 are used for the number of constituent
primary particles varying from 50 to 5000. Results are shown in
Table 1 and indicate that Rh /Rg values are almost independent
of the number of primary particles, N, having an average value
of 0.8714 ± 0.0036. All values of the Rh /Rg ratio are between
0.868 and 0.878, a range in which Chen et al.’s result of 0.875
readily falls.
Furthermore, the settling velocity of a swarm of the ideal
aggregates can be easily analyzed using the current model. The
dimensionless settling velocity vs is defined as [45]
vs ≡

−1
Q (γ)
−1
Q (γ

→ ∞)

=

→ 0)
(λ)
Q

Q (λ

(35)

Table 1
Ratio of hydrodynamic radius to gyration radius calculated using the mapping
method [45]
N

Rh /ap

Rg /ap

Rh /Rg

50
100
300
500
1000
3000
5000

6.896
10.401
20.006
27.135
41.053
79.185
107.496

7.855
11.895
22.966
31.183
47.226
91.176
123.801

0.878
0.874
0.871
0.870
0.869
0.868
0.868

The mean and standard deviation of Rh /Rg values are 0.8714 and 0.0035, respectively.

Fig. 2. Dimensionless settling velocity vs of a swarm of the ideal aggregates
and solid spheres as functions of λ, the occupancy fraction for aggregates and
volume fraction of the solid spheres.

which is a ratio of the settling velocity of a swarm of the ideal
aggregates to that of a single aggregate in an unbound fluid
medium. Fig. 2 shows the plot of vs versus λ and indicates that
the settling velocity of the aggregate swarm is comparable to that
of the isolated aggregate: vs (λ = 1) is only 25% of vs (λ = 0).
The swarm of solid spheres settles faster than the aggregate
swarm if the solid spheres have the same aggregate sizes as
well as the same density of constituent primary particles. The
dimensionless velocity of a swarm of solid impermeable sphere
can be described by
vs =

1
H (λ)

(36)

which is compared with Eq. (35) in Fig. 2. As the volume fraction
exceeds 0.4, the settling velocity of the solid-sphere swarm is
negligible in comparison to that of a single impermeable sphere,
indicating significant hindered settling behavior [62–64].
3.3. Speciﬁc cake resistance
Fig. 3 shows ’s of Happel’s, Neale et al.’s, and our models
as functions of λ, commonly defined as b3 /c3 . In the current and
Neale et al.’s study, λ is the occupancy fraction of a swarm of
porous aggregates, but in Happel’s cell model it is interpreted
as the volume fraction of a collection of solid spheres. Presence
of the solid sphere as well as the ideal aggregate, commonly
having the radius of b, is revisited by taking the limit of λ → 0,
i.e., c → ∞. The convergence of Happel’s cell model to Stokes’
law is represented by H (λ = 0) = 1. The Q (λ = 0) value of
0.59 is a reproduction of Kim and Yuan’s work [36] and indicates
that an isolated ideal aggregate generates 59% of the resistance
caused by solid spheres of the same radius in an infinitely dilute
limit.
As λ increases to 1, H diverges to infinity, implying that
the cake layer becomes impermeable so that no solvent can pass
through the layer. However, mono-dispersed spheres can gener-
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ate the highest volume fraction, as much as 0.74, with a perfect
face-centered-cubic (fcc) structure [65–67]. Random packing of
equal-sized spheres renders a volume fraction that ranges from
0.58 to 0.64 [68–72]. The value of H with λ = 0.64 is 123.21,
indicating that the specific resistance of a cake layer composed
of mono-dispersed spheres with a volume fraction of 0.64 is two
orders of magnitude greater than that of a swarm of the same
spheres in an infinitely dilute limit where Stokes’ law is an excellent approximation. This reemphasizes that the conventional
colloidal cake resistance from individual (unaggregated) particles is a major source of permeate flux decline in MF and UF
processes.
A comparative analysis of Q and NEN in Fig. 3 was conducted as follows. NEN (β, λ) is a hydrodynamic correction factor for a swarm of equal-sized, uniformly porous spheres with
β, defined as
b
β= √
κ0

(37)

where κ0 is the uniform permeability due to homogeneous mass
distribution within the uniformly porous sphere. To compare the
hydrodynamic drags exerted on a swarm of ideal aggregates and
that of homogeneous spheres of the same size b, κ0 is set as a
volume-averaged value of the quadratically increasing permeability of Eq. (1), i.e.
 b
1
3
κ0 = κ(r) =
k2 r 2 4πr 2 dr = k2 b2
(38)
3
(4π/3)b 0
5
Substitution of Eq. (38) into (37) with k2 = 0.2 yields

5
β=
= 2.887
3k2

(39)

Using this value of β, NEN is plotted with Q in Fig. 3. For
all λ, i.e., from isolated (λ = 0) to fully packed (λ = 1) spherical objects, NEN is always less than Q (although it is not

Fig. 3. Correction factors of Happel’s (
current ( Q ) models.

H ),

Neale et al.’s (

NEN ),

and the

Fig. 4. Dimensionless radial permeability, K = (5/3)(r/b)2 as a function of the
dimensionless radial distance, r/b.

highly visible for small λ). Permeability-equivalent homogeneous spheres undergo less hydrodynamic drag than ideal aggregates with radially varying permeability. This phenomenon
can be explained by investigation of the dimensionless radial
permeability defined as
K=

κ(r)
5
=
κ(r)
3

r
b

2

(40)

as shown in Fig. 4. The uniformly porous spheres have a constant
permeability with respect to the radial position so that more flow
can penetrate the central interior of the porous spheres, causing
less drag, although their edge regions are less permeable than
that of the ideal aggregates. The dimensionless permeability K
is negligible where
√ r/b < 0.3, and it becomes equal to the mean
value at r/b = 3/5 = 0.775. This indicates that a composite
sphere model [45] could be a better alternative than a uniformly
porous sphere as supported by the results noted in Table 1.
The limit of λ = 1 is physically impossible for a conventional colloidal cake, but it can be analyzed for the aggregatecake layer. While deposited aggregates are partially overlapped,
several of the longest branches of the aggregates that touch can
be broken, and therefore detached monomers and/or groups of
primary particles can be generated. The broken pieces can be reattached to their parent or other nearby aggregates. On the other
hand, if edge-overlaps are present with minimum breakage of
aggregate branches, λ = 1 implies that overlapped inter-spaces
are equal to the inter-void-spaces between aggregates. It is obvious that high pressure can demolish the fractal structure of
deposited aggregates and therefore cause cake collapse to a certain extent, depending on the mechanical strength of the fractal
dimension of aggregates [73].
If packed spherical objects are porous, the formed cake layer
provides much less hydrodynamic specific resistance, i.e., much
more permeability, in comparison to that of solid objects. In
other words, as the occupancy ratio λ approaches 1, Q reaches
2.32, which implies that a cake layer fully packed with the ideal
DLCA aggregates provides a specific resistance of only as much
as 2.32 times of the resistance caused by solid spheres (of the
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same size) in an infinitely dilute limit (such as the CP phase).
Further overlap and breakage of deposited aggregates may increase the value of Q (λ → 1) = 2.32. However, the curve of
Q / H in Fig. 3 indicates that for λ ≥ 0.3 the specific resistance
of the DLCA-aggregate cake is less than 10% of the conventional
colloidal cake resistance of individual spherical particles. This
reflects the remarkable potential of the AEMF as a new paradigm
for colloidal filtration processes by noting that the specific resistance is solely proportional to the inverse squared radius of
deposited spherical objects if volume fractions are kept constant
regardless of the radius.
The uniqueness of Kim and Yuan’s theory of the quadratic
permeability is that effects of primary particle size ap on the
correction factor Q disappear entirely so that the specific cake
resistance solely depends on the radius b of the aggregate with
the specific fractal dimension, 1.67. As the fractal profile of the
radial volume fraction generally indicates, a larger ideal aggregate has a sparser structure near its edge (i.e., r = b). The full
connectivity of constituent primary particles preclude continuous growth of the aggregates (in the feed tank), keeping their
fractal nature. Given that the environment for aggregation is
limited by diffusion of primary particles, overall size of the aggregates is dependent on the primary particle size (with given
net attractive inter-particle interactions). Then, a ratio can be
defined as
b
s=
(41)
ap
and Eq. (19) can be rewritten as
rc =

10.44
ap2 s2

(42)

with λ = 1 and so Q = 2.32. The typical value of ‘s’ is of an
order of a few tens, and for large aggregates it can reach and exceed (about) 102 [61]. With known ap and measured s (averaged
with a number of aggregates) using certain experimental techniques [31,74–76], one can estimate the specific cake resistance
of aggregates, formed in the DLCA regime with a fractal dimension of about 1.7. Excess applied pressure and/or continuous
build-up of the aggregates on the membrane surface induce further overlap and compression of deposited aggregates and may
eventually cause cake collapse [73], in which case Eq. (42) may
underestimate the specific resistance. A comparative study that
analyzes geotechnical consolidation and cake formation can be
found elsewhere [77]. Total collapse of the aggregate cake, due
to lack of sufficient mechanical forces to sustain the structure,
will compel revisiting theories on the conventional filtration of
colloidal cake formation, which is beyond the limit of the current
theory.
Waite et al.’s [31] and Hwang and Liu’s [29] experimental observations are closely related to applications of the current theory. Waite et al. used 70 nm hematite primary particles and measured two different aggregation regimes, i.e., rapid and slow aggregation with fractal dimensions of 2.20 and 2.35, respectively.
The rapid aggregation at high ionic strength provided a higher
permeate flux than the slow aggregation with low ionic strength.
The high ionic strength suppressed the electrostatic repulsion;

therefore, the primary particles were attractive or less repulsive
due to the dominant van der Waals interactions. Although measuring fractal dimensions using the small angle light scattering
technique is subjective to human eyes, most aggregates formed
in both the rapid and slow aggregation regimes seemed to have
physical properties of the reaction-limited aggregation, i.e., fractal dimensions generally greater than 2 [26,27,78,79]. Hwang
and Liu’s study also showed that as the ionic strength increases,
aggregate size increases, providing higher permeate flux. Their
aggregates have, however, average sizes that are only a few times
greater than that of primary particles, and hence are too small to
be treated as fractal objects but possibly as fractal-like structures
due to the limited number of constituent primary particles [80].
To compare the above experimental results with our theory, we
calculated the specific resistance of Eq. (42) and found that our
theory gives at least several factors or one order of magnitude
smaller specific resistance than their experimental observations.
This deviation of the theoretical results from experimental data
mainly stems from the fractal nature of the aggregates used in experiments, i.e., RLCA-like structure and/or small aggregate size.
To the best of our knowledge, sophisticated filtration experiments with DLCA aggregates of fractal dimensions about
1.7–1.8 have not been reported in the current literature. The
current theory is, however, consistently analyzed by comparing other theoretical [59], simulational [61], and experimental
[29,31,60] studies. The expression for the specific resistance
of aggregate cake will be, therefore, a better approximation if
the deposited aggregates keep their DLCA-fractality with less
overlap and breakage, having a smaller size ratio, s, of an order
of O (101 ).
4. Concluding remarks
The drag force experienced by an aggregate with quadratically increasing permeability in a swarm of identical aggregates
was derived using the Stokes, Brinkman, and continuity equations. A tangential stress-free cell model was employed to mimic
the presence of the aggregate-swarm. The analytic solution was
used to estimate the specific resistance of a cake layer composed of deposited DLCA aggregates characterized by a fractal
dimension of about 1.7. The settling velocity of the swarm of the
aggregates was also studied as a function of the occupancy fraction and experimentally verified. In comparison to the conventional colloidal cake consisting of individual spherical colloids,
the aggregate cake layer provided significantly less resistance,
implying that the pre-aggregation of particles – before they are
introduced to the membrane surface – can remarkably increase
the permeate flux of typical MF and UF processes. Our theoretical prediction for the aggregate cake layer is restricted to (small)
DLCA aggregates, and strong inter-aggregate overlap possibly
followed by entire cake collapse is beyond the limit of the current
theory.
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