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a b s t r a c t

A Monte Carlo method is developed for crossflow membrane filtration to determine the critical flux of
hard sphere suspensions. Brownian and shear-induced diffusion are incorporated into an effective hydro-
dynamic force exerted on the hard spheres in a concentrated shear flow. Effects of shear rate and particle
size on the critical flux are investigated using hydrodynamic force bias Monte Carlo simulations, providing
a baseline of the critical flux.

© 2008 Elsevier B.V. All rights reserved.

1. Introduction

After first noted as the “threshold flux” by Cohen and Probstein
[1], the concept of critical flux, defined as “a flux below which
a decline of flux with time does not occur; above it fouling is
observed” was proposed by Field et al. [2], and the concept was
widely adopted in membrane research and development commu-
nities. The critical flux is in general dichotomized into two forms:
strong and weak. The strong form indicates the flux at which the
transmembrane pressure starts deviating from the pure water line
of Darcy’s law, and/or the first flux for which irreversible fouling
appears on the membrane surface. The weak form assumes rapid
initial fouling, which brings forth the flux versus transmembrane
pressure (TMP) relationship located below the pure water line with
a lesser inclination. A rigorous analysis of the critical flux concept
can be found in Bacchin et el.’s recent review [3] in terms of the
state-of-the-art theory, experiments, and applications.

Near the membrane surface, fouling (regardless whether it is
reversible or irreversible) occurs roughly in the following sequen-
tial manner: first, pressure forces the solvent to flow through the
membrane, generating the permeate flux; second, the permeate
flux pushes solutes from the bulk phase to the vicinity of the
membrane, causing a biased concentration profile described as the
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concentration polarization; and third, the gradient of solute con-
centration engenders solute back diffusion toward the bulk phase,
mitigating the boundary layer resistance to reach a balanced state
of mass transport. From this viewpoint, the critical flux in col-
loidal filtration can be basically interpreted as the flux above which
the solute back-diffusion is severely suppressed by hydrodynamics
while heavy deposition contributes to forming thick cake layers.
Following this basic idea, both the strong and weak forms of the
critical flux are closely related to diffusion processes, but each flux
form with a different initial fouling status may modify the magni-
tude of the critical flux under the influence of physical and chemical
conditions.

It is well known that three back-transport mechanisms play
important roles in the critical flux in terms of particle sizes: Brow-
nian diffusion [4], shear-induced diffusion [5–7], and inertial lift
[8–13]. For particles ranging from 10 nm to 10 �m, Brownian and
shear-induced diffusion are dominant for small and large particles,
respectively. Particle sizes falling into the border between Brown-
ian and shear-induced diffusion rage from 0.1 to 1 �m, and their
critical fluxes are generally subject to the shear rate. The inertial
lift is important for buoyant particles larger than around 10 �m,
but their significance may be questionable due to the magnitude of
imposing gravitational force if the particle buoyancy is violated.

In addition, Bacchin et al. [14] proposed that the critical flux
stems from the repulsive interaction between membrane and par-
ticles, which, if subdued, allows particle accumulation/coagulation
on the membrane surface, initiating severe (irreversible) fouling.
While the significance of Brownian and shear-induced diffusion
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mechanisms were separately investigated [15,16], Sethi and Wies-
ner [17] assumed the superposition of Brownian and shear-induced
diffusivities and studied the transient behavior of permeate flux
decline. These theoretical investigations can provide a good under-
standing of the filtration phenomena within the model scopes and
their mathematical approximations. Until this time, the critical flux
was barely investigated at a microscopic level for colloidal particles
explicitly undergoing both Brownian and shear-induced diffusion.

In experiments, determination or estimation of critical flux is
based on observing transient flux change by increasing pressure
in a step-wise manner, followed by careful investigation of pres-
sure increase while the permeate flux is kept unchanged [18,19].
Using this method, the critical flux that immediately causes notice-
able fouling can be (experimentally) well identified, although the
long-term critical flux requires longer testing time in steady-state
filtration. In this light, it is desirable to have a microscopic physi-
cal quantity at the level of individual particle dynamics, to which
the (macroscopic) critical flux can be linked. Many-body interfacial
phenomena can be fundamentally scrutinized with simple, basic
cases to associate the discrete microscopic events with a contin-
uum macroscopic theory; and then to disclose main origins and
properties of the critical flux, which are verified experimentally.

Currently, researchers are studying colloidal membrane filtra-
tion using the hydrodynamic force bias Monte Carlo (HFBMC)
method [20,21], starting with a copious review of statistical sim-
ulation methods [22], applying HFBMC to a dead-end membrane
filtration system [23], and dealing with principal issues of HFBMC
application to crossflow filtration systems [24]. These prior studies
focused on development, modification, and application of HFBMC
on colloidal filtration to investigate the deposition structure of par-
ticles on the membrane surface, as summarized below. In dead-end
filtration simulations [23], applied pressure was assumed to be
constant, and transient permeate flux was investigated while inter-
acting particles deposited on the membrane surface and formed
cake layer that produced noticeable hydraulic resistance. Parti-
cles within the cake layer of a certain volume fraction (which can
vary along the normal direction to the membrane surface) undergo
remarkable drag forces determined using Happel’s correction factor
[25]. In addition, a phase transition from liquid-like concentra-
tion polarization to solid-like cake layer was delineated by particle
volume fraction, identified as the contact between two nearest par-
ticles, and used to characterize its link to the critical flux. In our
recent work [24], Monte Carlo simulation was firstly applied to a
crossflow filtration system, and its modeling issues were exten-
sively discussed in many aspects such as dynamics, deposition and
accumulation of particles in an open system, spatial and temporal
variations of cake structures, and back-diffusion of colloidal parti-
cles. Extending the scope of our previous work, the present study
develops a novel Monte Carlo method by updating the tangential
bias stemming from the crossflow field and uses the normal bias
based on the effective hydrodynamic drag force under a shear flow.

Shear-induced diffusion can be relatively less important than
Brownian diffusion when particles are below submicron-size
and/or strongly repulsive so that the average interparticle distance
between nearest neighbors is (much) more than an order of particle
diameter. It is phenomenologically well known that the shear-
induced diffusivity is proportional to the square of the volume
fraction for low concentrations [7]. For hard spheres, the origi-
nal shear-induced diffusion should be considered more seriously
when a strong shear is imposed in the membrane channel due to
a fast crossflow velocity. The absolute shear rate (rather than the
crossflow Reynolds number [1]) is the more important primary fac-
tor that can efficiently control fouling behavior given the height
(or diameter) of the membrane channel. This is because particles
go through random displacement, deviating from streamlines in a

shear flow, as they hydrodynamically interact with and also tumble
over other particles. An analytical expression of effective force act-
ing on a hard sphere undergoing both Brownian and shear-induced
diffusion in a concentrated system was recently developed [26],
which will be recapitulated in Section 2. In our previous work
[26], an irreversible chemical potential was introduced as a non-
equilibrium molar Gibb’s free energy and used to build a common
thermodynamic origin for Brownian and shear-induced diffusion.
The third mass transport mechanism, inertial lift, was excluded in
our previous paper [26]. The theoretical validity of the inertial lift
phenomena during the crossflow MF and UF is entirely based on the
single particle trajectory so that its physical origin does not include
many-body behaviors of the collective transport. In the regime
of particle size where the inertial lift is important (a ≥ 10 �m),
particles are not always neutrally buoyant due to specific gravity
(typically greater than 1). As a result, the gravitational influence
is not completely cancelled with the buoyant force; and particle
migration [13,8] on the permeable or impermeable surface may be
a much more important mechanism than diffusion mainly for the
large (sub-millimeter) particles.

The current literature lacks studies on microscopic investiga-
tions of the critical flux during colloidal filtration, especially as
influenced by shear-induced diffusion. In this light, to identify the
critical flux in terms of the particle size and shear rate, we chose a
model filtration system consisting of non-interacting hard spheres
in a fast crossflow and performed the HFBMC simulations. We then
examined dynamic particle structures associated with the critical
flux and compared MC simulation results with reported experi-
mental observations.

2. Method of biased Monte Carlo simulation

2.1. Canonical Monte Carlo

The HFBMC simulation [23,24] is used to mimic steady-state
structures of colloidal (hard sphere) suspensions near critical flux
ranges, given a set of operating conditions. Biased transition prob-
ability in MC simulations is composed of tangential (axial) and
normal (vertical) components, which are implemented separately
due to the different orders of magnitudes between the crossflow
velocity and permeate flux. Canonical ensemble, in which the total
number of particles, representative volume, and temperature are
constant, is used in practice to simulate the particle distribution
within the membrane channel.

2.1.1. Initial setting
To investigate the critical flux of hard sphere suspensions with

respect to particle size (diameter) and shear rate of the crossflow,
a small section of the entire crossflow channel is selected as a rep-
resentative volume, denoted in this study as a simulation box as
shown in Fig. 1. The simulation starts with the initial random posi-
tioning of Np particles in the box of dimension L × W × H, where
L(= 3W), W, and H(= 7W) are the length, width, and height of the
membrane channel, respectively. The length is set three times of
the width to clearly inspect axial transport of particles in the cross-
flow direction, and the height is set seven times of the width to
emphasize the concentration polarization and cake formation in
the direction normal to the membrane surface. An initial volume
fraction �ini is arbitrarily assigned, e.g., 0.1 – greater than typical
feed volume fraction �feed of orders of O(10−3 − 10−5) – to allow
for faster convergence of the spatial configuration of particles to
a dynamic equilibrium state. With an educated guess of �ini, a
dynamic equilibrium configuration yields a solid-like dense struc-
ture on the membrane surface and a liquid-like solution phase
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Fig. 1. The simulation box as a representative volume, showing (a) periodic boundary conditions in the x- and y-directions, and (b) reflecting boundary condition in the
z-direction.

(representing feed suspension) near the channel epicenter. The
width of the simulation box is determined using

(W)(3W)(7W) = Np(4�/3)a3

�ini
(1)

where a is the particle radius. At the beginning of the simulation,
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avoiding any overlap between two particles.
In the x- and y-directions, the periodic boundary condition is

used to mimic spatial homogeneity: a particle exiting the bound-
ary at x = +L/2 returns to the opposite side boundary at x = −L/2,
and the same as in the y-direction as shown in Fig. 1(a). The periodic
boundary condition in the x-direction implicitly assumes that in the
simulation box the thickness of the concentration polarization layer
or cake layer is locally constant along the crossflow direction. The
boundary condition in the y-direction (perpendicular to the cross-
flow direction) indicates the absence of wall effects. If a particle
escapes in the positive z-direction, it returns back to the interior of
the membrane channel as shown in Fig. 1(b) and moves in the x–y
plane as much as the projected displacement from the old position;
and the same boundary condition is also applied in the negative z-
direction. Another possible way is to let the particle stay at the old
position if the new position suggested is out of the simulation box,
but this reflecting boundary condition used can enhance the trans-
lation of particles in the x–y plane near the membrane surfaces and
therefore speed up reaching a dynamic equilibrium state of particle
configuration.

This model, based on a representative simulation box, estimates
the mean field approximation using the axial average of flow field,

permeate flux, and concentration variation. To conceptually val-
idate this model, the position of the representative box must be
located in the middle of the membrane channel, where the local
permeate flux is (about) equal to the length-averaged permeate
flux. For future research, it would be possible to make a long series
of the representative boxes along the direction of the crossflow,
exchange the information of particle transport, and investigate the
axial variation of permeate flux, pressure, and concentration polar-
ization followed by cake formation. This kind of work requires
parallel computing using many processors communicating through
Message Passing Interface (MPI) [27].

2.1.2. Ambient flow field
The ambient flow field is based upon Berman’s work [28] on

laminar flow in channels with porous walls, which can be readily
applied to the crossflow membrane filtration. Using the perturba-
tion technique, Berman derived

u(x, �) = ū
[

1 − vwx

ūh

][
3
2

(1 − �2)
][

1 − Re

420
(2 − 7�2 − 7�7)

]
(3a)

v(�) = vw

[
�

2
(3 − �2) − Re

280
�(2 − 3�2 + �6)

]
(3b)

with

� = z

h
(4)

where u and v are velocity components in the x- and y-directions,
respectively, vw is the constant permeate velocity, h(= H/2) is the
channel half-height, and Re is the permeate Reynolds number
defined as

Re = vwh

�
(5)

where � is the kinematic viscosity. By taking values of vw =
O(10−5 − 10−6) m/s, h = O(10−2 − 10−3) m, and � � 10−6 m2/s
which are typical in crossflow filtration, we neglect terms with the
Reynolds number in u and v of Eq. (3) because Re ranges from 10−3
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to 10−1 and its denominators are of the order of O(102), and then
assume

vwl

ūh
� 1 (6)

where l is the membrane length. The final form of the ambient
velocity within the simulation box is approximated as

u(�) � ū
3
2

(1 − �2) (7a)

v(�) � vw
1
2

�(3 − �2) (7b)

where ū is the average crossflow velocity. The shear rate at a dimen-
sionless distance � from the membrane surface is calculated as

�̇(�) = 1
h

du

d�
= −�

3ū

h
(8)

which reaches its maximum (in magnitude) on the membrane sur-
faces (i.e., � = ±1) and vanishes near the channel epicenter (i.e.,
� � 0).

2.1.3. Biased transition probability
2.1.3.1. Tangential bias. It is assumed that particle movement is
highly subject to the ambient crossflow field in the tangential (x-
)direction, characterized by crossflow Peclet number uh/D0 where
D0 is the Stokes–Einstein diffusivity. For instance, at the epicen-
ter of the membrane channel (i.e., z = 0), particle transport is
fully convection-dominated (minimally influenced by Brownian
motion), and hence the movement occurs mostly in the posi-
tive x-direction. Near the membrane surface, however, the no-slip
boundary condition provides an environment in which diffusion
is not negligible. Comparing typical values of crossflow velocity of
an order of O(10−1 − 100) and permeate velocity of O(10−5 − 10−6)
indicates that the local Peclet number at the epicenter is 104 to
106 times greater than that on the membrane surface. Considering
dominant transport mechanisms in terms of the local Peclet num-
ber at different vertical locations, the random displacement of each
particle (from an old position rold to a new position rnew) is assigned
as

�x = xnew − xold = a0(2 × rand − 1 + Px) (9a)

�y = ynew − yold = a0(2 × rand − 1) (9b)

�z = znew − zold = a0(2 × rand − 1) (9c)

where a0 is the (positive) maximum displacement of the random
movement (adjusted during the simulation to maintain the accep-
tance ratio of the random transition close to 0.5 [29]), rand is the
random number (between 0.0 and 1.0) generated using the intrinsic
FORTRAN 90 function, rand, and Px is the transition probability of
axial bias, which readily includes the crossflow influence on particle
movement:

Px = u(�)
u(� = 0)

= 1 − �2 (10)

and hence,

�x = xnew − xold = a0(2 × rand) at � = 0(epicenter) (11a)

�x = xnew − xold = a0(2 × rand − 1) at � = ±1(surfaces) (11b)

As shown in Fig. 2, near the epicenter of the channel, particles
are allowed to move only in the crossflow direction: the transition
probability in the +x and −x directions are 1.0 and 0.0, respectively.
On the membrane surface, however, particles can almost randomly
move in either direction, even against the crossflow: the transi-
tion probability in +x and −x directions are commonly 0.5. Actual

Fig. 2. Dominant transport mechanism at different locations within the membrane
channel: the axial bias stemming from the flow profile.

transition of a particle from an old to a new position is mainly sub-
ject to interparticle overlap. Px only contributes to proposing new
positions being biased toward the crossflow.

2.1.3.2. Normal bias. Since the main goal of this study is to deter-
mine critical flux of hard-sphere suspensions, the permeate flux
is set at a constant, resembling the constant flux operation,
and dynamic equilibrium configuration of particles experiencing
hydrodynamic drag forces in the normal direction is investigated.
The forces affecting particle movement include the gravitational
force Fg, buoyant force Fb, and hydrodynamic drag force Fh, which
engender the normal transition probability (i.e., in the z-direction):

Fg = −4�

3
a3�pgẑ (12)

Fb = +4�

3
a3�fgẑ (13)

Fh = kbTv(�)K−1(�)
DB + Dsi

ẑ (14)

where �p and �f are mass densities of particle and fluid, respec-
tively, g is the gravitational acceleration, kb is the Boltzmann
constant, T is the absolute temperature, and K(�) is the sedimenta-
tion coefficient. Heppel’s sphere-in-cell model [25] is incorporated
in this study to estimate the sedimentation coefficient (which
decreases with respect to volume fraction) using

K−1(�) = H(�) = 6 + 4�5/3

6 − 9�1/3 + 9�5/3 − 6�2
(15)

The Brownian and shear-induced diffusivities [26] are represented
as [17]

DB = kbT

6�	a
S(�) (16)

and

Dsi = �̇(�)a2D̂(�) (17)

respectively, where S(�) is a quantity related to the osmotic com-
pressibility [26,30] dealing with increasing entropy with respect
to the particle volume fraction. In this simulation study, S(�) is,
however, omitted:

DB → kbT

6�	a
(18)

because the random trial movement implicitly includes the
entropic contribution stemming from the configurational gradi-
ent of particles [29]. Among various results from experimental and
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simulation studies on the functional form of D̂(�), we choose one
widely accepted [5–7]:

D̂(�) = 1
3

�2
(

1 + 1
2

e8.8�
)

(19)

Detailed discussion about Eq. (14) and its application to colloidal
filtration were presented elsewhere [26,31]. Note that the shear
rate in Eq. (17) varies with the normal distance from the membrane
surface, as defined in Eq. (8). The normal transition probability is
then determined as

Pz = min[1, exp(−ˇ�E − ˇ
F · �r)] (20)

where ˇ = 1/kbT , 
(= 0.5) is the well known parameter of the
force bias Monte Carlo simulation [32,33], �r(= rnew − rold) is the
random trial displacement, �E is in general the energy difference
between the new and old particle positions, and F is the total force

acting on each particle, i.e.,

F = Fg + Fb + Fh (21)

Since this study targets hard spheres to investigate effects of Brow-
nian and shear-induced diffusion on the critical flux, �E is always
set to 0 unless particles overlap each other. When the particle moves
from rold to rnew, a random number is generated (using FORTRAN
90 function rand), and is compared with the transition probability
Pz . If the random number is less than or equal to Pz , then the trial
movement is accepted, and the particle moves to the new position
rnew; otherwise, movement is rejected, and the particle stays at
the old position rold. If the particle undergoes any overlap at rnew

with another particle, the trial movement is immediately rejected
because this situation is equivalent to �E → ∞, which is thermo-
dynamically forbidden. Note that rnew is randomly selected using
Eq. (9) with Px, which already contains the axial bias and spatial
homogeneity in the x- and y-directions, respectively, and its accep-
tance is subject to Pz . All the simulations use 2100 particles, and

Fig. 3. Canonical MC simulations with the number of particles Np = 2100, particle radius a = 0.1 �m, mass density �p = �f , and shear rate �̇ = 103 s−1. The permeate flux vw

of simulations are (a) 0 �m/s, (b) 1 �m/s, (c) 5 �m/s, (d) 10 �m/s, (e) 20 �m/s, and (f) 30 �m/s.
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in each MC cycle all the particles attempt to randomly move to
new locations via the bias probabilities. The number of MC cycles
is 1000, and statistical data are collected during the second half of
the simulation. Due to the absence of strong pair-wise interparticle
interactions, the filtration system rapidly converges to a dynamic
equilibrium state within the first 500 MC cycles.

3. Results and discussion

3.1. Verification of transport mechanisms

Fig. 3 shows canonical MC simulations with various permeate
flux values. In this simulation set, 2100 hard spheres are used to
visually determine permeate flux that initiates or signifies polar-
ized distribution of the particles in the simulation box. The initial
volume fraction was set at 0.1, which seems to be excessive as a
feed volume fraction; however, it rapidly starts pushing particles
toward membrane surfaces using the inverse sedimentation coef-
ficient of Eq. (15) and hence leaves a lesser number of particles
near the epicenter of the membrane channel. Since the canoni-
cal ensemble is used in this study, the initial volume fraction is
an important simulation factor. A smaller volume fraction close
to the feed volume fraction would not provide meaningful results
since the poverty of the particles in the membrane channel can-
not render acceptable concentration gradients along the direction
normal to the membrane surface. On the other hand, if the initial
volume fraction is too high, then severe deposition will instan-
taneously occur through the sedimentation coefficient even with
relatively low permeate fluxes, and the simulation may exaggerate
serious fouling processes. Changing the total number of particles
or altering the volume of the simulation box, given the permeate
flux and shear rate, are possible alternatives, which are analogous
to the grand canonical and isothermal–isobaric ensembles, respec-
tively [29,34]. However, using these statistical ensembles in such
a dynamic equilibrium state in a filtration system is a difficult
task in terms of computation with dynamic memory allocation
and analysis of stochastic data collected [35]. Adopting a consis-
tent value of �ini, carefully chosen after preliminary tests, allows us
to properly interpret simulation results and understand underlying
physical meanings without extravagant trial-and-error parameter-
ization.

Relatively homogeneous particle configuration is visually
observed for vw = 0 and 1 �m/s as shown in Fig. 3(a) and (b),
respectively. As the permeate flux increases, however, separation
of particles into two major groups near double-membrane surfaces
at z = ±h becomes apparent, as initiated at about vw = 5 �m/s,
shown in Fig. 3(c). More realistic profiles of particle distribution
along the direction normal to the membrane surface are shown in
Fig. 3(d) and (e). Almost complete bisection of particle distribu-
tion is observed in Fig. 3(f), of which permeate flux of 30 �m/s
seems to cause significant fouling in terms of particle distribu-
tion along the vertical direction. Therefore, Fig. 3(a), (b), and (f)
indicates that, using rough visual estimation, an optimal or crit-
ical flux will be located between 5 and 20 �m/s (i.e., about 20
and 80 L/m2 h) for hard sphere suspensions. (A decisive method
to quantify critical flux values is discussed in Section 3.2.) Local
volume fractions near the epicenter can be interpreted as the feed
volume fractions (see Fig. 4). It is worth noting that this range
of fluxes, obtained by present MC simulations of non-interacting
colloids of 0.1 �m, falls into the same range of experimental obser-
vations by multiple researchers with similar operating conditions
[1,36,37].

Fig. 4 shows symmetric profiles of the volume fraction with
different permeate fluxes. When the permeate flux is absent, the
particles are almost homogeneously distributed throughout the

Fig. 4. Profiles of particle volume fractions in the normal direction with various
permeate fluxes in (a) linear and (b) common-log scales of volume fraction. Particle
radius is 0.1 �m, and shear rate is 1000 s−1.

simulation box in comparison to cases of other non-zero permeate
cases. However (slightly) higher concentration near the membrane
surfaces (i.e., � = ±1) is observed, which may be attributed to the
reflecting boundary condition under influences of the fast cross-
flow. This implies that, in concept, the wall concentration is always
greater than the bulk concentration in the minimal presence of
the permeate flux (even without any adsorption mechanisms)
where the inertial lift is completely ignored. As the permeate flux
increases, fewer particles stay near the epicenter, forming symmet-
ric distributions. As indicated above, cases of vw = 10 and 20 �m/s,
which correspond to Fig. 3(d) and (e), can possibly be interpreted
as crossflow filtration with feed volume fractions of �feed � 0.01
and 0.004 with the volume fraction on the membrane surface of
�m � 0.34 and 0.40, respectively, which are less than the random
packing ratio [38–40]. Fluctuations of volume fraction near the epi-
center, observed when vw = 20 and 30 �m/s, originate from the
poverty of particles in the central region as visualized in Fig. 3(e)
and (f). In addition, the symmetric distribution in the normal direc-
tion is conserved during the simulation, which confirms that the
initial allocation of particles within the simulation box is close to
purely random and sufficiently uniform.

Fig. 5 (with �̇ = 5000 s−1) has very similar patterns of particle
distribution along the direction normal to the membrane surface to
those of Fig. 4 (with �̇ = 1000 s−1), whilst other parameters used are
same. It indicates that higher shear rates (i.e., �̇ = 5000 s−1) allevi-
ate particle deposition (accumulation) on the membrane surface,
resulting in smaller values of volume fraction on the membrane sur-
face. Experimental observations of similar behaviors were reported
elsewhere [41]. Note that vw = 20 and 30 �m/s in Fig. 4 cause
�m = 0.40 and 0.43 on the membrane surfaces, respectively, when
the same permeate fluxes in Fig. 5 engenders �m = 0.325 and
0.362 with the larger shear rate. This comparison confirms that
the effective force, derived as Eq. (14), decidedly represents the rel-
ative significance of shear-induce diffusion to Brownian diffusion
by showing that higher shear alleviates the concentration polar-
ization; however, it also implies that impacts of shear-rate on the
particle deposition are mild for submicron-sized particles in terms
of the wall concentration [1].

It is now worth re-noting that in Figs. 3–5, the underlying
physics does not include the inertial lift phenomena [8–12] and
its implications on the crossflow filtration [13]. The homogeneous
distributions of particles with zero or negligible permeate flux
may not be apparent due to the ‘tubular pinch’ effect. Particle
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Fig. 5. Profiles of particle volume fractions in the normal direction with various
permeate fluxes in (a) linear and (b) common-log scales of volume fraction. Particle
radius is 0.1 �m, and shear rate is 5000 s−1.

concentration would be inhomogeneous depending on the cross-
flow velocity, and therefore the concentration will vary along the
normal distance from the channel wall (or membrane surface). The
concentration at the epicenter might be different from the feed con-
centration, as implied by Segre and Silberberg’s original work [8].
Phenomenologically, the inertial lift is proportional to the square
of the shear rate and the cube of the particle radius, which must be
significant for fast flow (of an order of (at least) 1 m/s) and large
particles of sub-millimeter size. However, the inertial lift effects
in a concentrated particle suspension is so far not well studied as
to its importance in crossflow membrane filtration. In this light,
the analyses of Figs. 3–5 are entirely based on Brownian and shear-
induced diffusion whichever assumed to be major unified collective
transport mechanisms.

3.2. Order parameter

The capability of the HFBMC method developed in this study was
tested by showing the spatial distribution of particles. Particles are
subject to the two orthogonal biases in the tangential and normal
directions, quantified as Px and Pz , respectively. The effective force
derived as Eq. (14) rigorously captures the mitigating impact of the
shear flow on the downward hydrodynamic drag forces exerted on
particles. The range of fluxes that approximately border uniform
and bisected particle distributions were roughly estimated on the
visual basis.

At this stage, a particular physical quantity that can provide
a rigorous tool to determine the critical flux is of great neces-
sity. This quantity is often called an order parameter in statistical
physics, which is used to denote “a fluctuating variable of which
the average value provides a signature of the ordered state (or
broken symmetry) in the system” [42]. The order parameter is a
microscopic characteristic, conveniently chosen to be the differ-
ence in density or concentration between two phases. The “order”
generally indicates a thermodynamic state rather than a (perfect)
structural arrangement of solid cubics. In colloidal science, the con-
cept of order parameter was widely used to investigate static and
dynamic states of colloidal suspensions such as dynamical arrest
and glass-formation [43], elastic colloidal stabilization through
the nematic-isotropic structural transition [44], self-assembled
nematic colloidal crystals [45], and jamming transition [46]. The

above studies defined and used specific order parameters to repre-
sent structural phase transition of colloidal suspensions.

An order parameter in crossflow filtration, once chosen, should
be (easily) calculable during the course of the HFBMC simulations
and be available to extract physically meaningful information for
determining the critical flux. We propose that the variance of par-
ticle locations (i.e., spatial distribution) as the order parameter for
crossflow filtration:

� = 〈(z − z̄)2〉
h2

= 1
Np

Np∑
i=1

(
zi − z̄

h

)2

(22)

where zi is the z-coordinate of the ith particle, and z̄ is the mean
z-coordinate of the Np particles. For a completely homogeneous
(aligned) distribution, i.e., �(x, y, z) = constant, � converges to 1/3
as proven below:

� � 1
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where zi = i(ız), and ız is the normal distance between the two
nearest neighbors in the ideally aligned configuration. In a cross-
flow system, a permeate flux brings particles toward the membrane
surfaces, indicating that more particles are located close to the
membrane surfaces in comparison to the case of zero or negligi-
ble permeate flux. For vertically symmetric configurations of the
buoyant particles (i.e., �p = �f) as shown in Fig. 3, the mean value of
z-coordinates is close to 0 (i.e., z̄ � 0), and the presence of particles
near the membrane surfaces explicitly contributes to increasing �
from its minimum value of 1/3 to unity corresponding to the com-
plete bisection. Therefore, the order parameter defined in Eq. (22)
is bound between 1/3 and 1, which is valid only when the inertial
lift is presumably neglected.

A set of simulation results in Fig. 6 shows variation of � with
respect to the permeate flux vw . A total of 12 values of the perme-
ate flux were chosen at 0.0 and 5 �m/s, and from 10 to 100 �m/s
in intervals of 10 �m/s. A wide range of particle sizes (diameters)
were tested from 0.1 to 10 �m. Each point of Fig. 6 represents one
simulation using 2100 particles and 1000 MC cycles. It is observed
that � for smaller particles shows steep increase at the flux range
of 0–20 �m/s, but remains on a plateau at the high flux region

Fig. 6. The order parameter defined in Eq. (22) vs. the permeate flux. The order
parameter increases with vw and decreases with the particle diameter (excluding
D = 0.1 �m case). The shear rate used for these simulations is �0 = 3.33 × 103 s−1.
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Fig. 7. The derivative of the order parameter with respect to the permeate flux
obtained from Fig. 6. Each line indicates the linear regression using the first few
data points from vw = 0. Abscissas of the linear regression lines (i.e., x-intercepts of
regressed lines) point out critical fluxes based on the asymptotic discontinuity of
the order parameter, resembling that of the second-order phase transition.

close to 100 �m/s. This trend of rapid increase of � at low fluxes
attenuates as the particle size increases from 0.3 to 10.0 �m. In gen-
eral, increase in � indicates that more particles stay away from the
channel epicenter, and so the particle distribution deviates from
the homogeneity of the initial configuration. It is worth noting that
� values in Fig. 6 are all greater than 1/3, indirectly confirming
that the order parameters were appropriately calculated. More-
over, the deviation of � from 1/3 of zero flux indicates that the
wall concentration is higher than the bulk concentration as dis-
cussed in Section 3.1. This phenomena is important only when the
feed volume fraction is about or more than a few percent (volume
to volume) because the particles loose their degree of freedom in
their movements near the membrane surface, which plays the role
of a geometrical barrier.

The behavior of 0.1 �m particle in terms of � is very differ-
ent from that of other bigger particles. While the other four �
curves are clearly stratified in an organized manner with respect to
the particle size, � of diameter D = 0.1 �m generates cross-points
with most other curves, diverts from the stratification propensity,
and hence implies that the filtration of 0.1 �m particles follows a
different transport mechanism from that of the four others. There-
fore, it can be inferred that at about D � 0.3 �m exists delimitation
between Brownian and shear-induced diffusion with the shear rate
of 3333 s−1. Different values of shear rates will change the magni-
tude and variation of � with respect to vw , but we selected this
shear rate (i.e., 3333 s−1) to compare our simulation results with
reported experimental observations.

It is assumed that � contains information on structural char-
acteristics that is fundamentally related to the critical flux. Close
investigation of Fig. 6 allows us to recognize that there are two
distinct regions in terms of variational behavior of ˚: regimes of
acclivity and plateau at low and high fluxes, respectively. How-
ever, the variation of ˚ is rather smooth and therefore not enough
to determine a point of permeate flux that can clearly discrimi-
nate two different phases of particle distributions, i.e., in essence
uniform and conspicuously bisected. Therefore, � of Fig. 6 is numer-
ically differentiated with respect to vw , and the results are shown
in Fig. 7. As expected, d�/dvw is high for low fluxes, and vice versa.
A higher value of d�/dvw indicates the sensitive changes of � with
respect to vw , and negligible d�/dvw means a minute change in

structures. The offset of d�/dvw on the vw-axis is, however, not
clear in Fig. 7, so a linear regression is performed using the first
points of each curve. The dotted lines show the linear regression
plots, and their x-intercepts asymptotically delineate transition
points of d�/dvw from finite to vanishing values. Therefore, each
curve of Fig. 7, seeming to vary in a power-wise manner, can be
divided into two regions of linear decline and zero slope. Offset
points can be interpreted as fluxes of phase transition, the trend
of which is analogous to the second-order phase transition [42], in
which the second-order derivative of the order parameter is dis-
continuous near the transition point. The variation of d�/dvw can
be then simplified as

d�

dvw
=

{
−C1vw + C2 for vw < Jcrit
0 for vw > Jcrit

(24)

where C1 and C2 are constants to be determined using the linear
regression, Jcrit(= C1/C2) is defined as the permeate flux at which
d�/dvw vanishes at first as vw increases from 0. Note that the
derivative of Eq. (24), i.e., the second-order derivative of the (lin-
earized) order parameter, � , gives a mathematically discontinuous
point at vw = Jcrit. In this way, we approximately use the method of
determining the critical point of the second-order phase transition
to estimate the critical flux in the crossflow membrane filtration.

3.3. Critical flux

The critical flux Jcrit determined using Eq. (24) is plotted in Fig. 8
with respect to the particle diameter in comparison to Kwon et
al.’s experimental observations [36]. Note that determination of one
value of critical flux shown in Fig. 8 requires a series of simulations
with a fixed value of particle diameter and various permeate fluxes
for the phase transition analysis using Eq. (24). The total number
of simulations performed to obtain the critical fluxes of Fig. 8 is 60
for five different particle diameters with 12 permeate fluxes each.

Experimental work performed by Kwon et al. is summarized as
follows: they determined critical fluxes using two different meth-
ods in terms of particle mass balance (PMB) and TMP.

Fig. 8. Comparison of critical fluxes of HFBMC simulations and experimental obser-
vations by Kwon et al. [36] using particle mass balance (PMB) and transmembrane
pressure (TMP) methods. Operational conditions are as follows: crossflow ū =
0.2 m/s, ionic strength IS = 10−5 M, and temperature T = 25 ◦C. The length, width,
and height of the membrane channel are 60, 6, and 0.36 mm, respectively. The
estimated shear rate is �0 = 3.33 × 103 s−1.
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(1) “Based on particle mass balance. By monitoring the change of
particle concentration in the fluid phase, the extent and rate of
particle deposition at membrane surfaces can be determined
at various permeation rates. The highest flux value at which no
particle deposition is observed, is taken as the critical flux.”

(2) “Based on the increase in TMP required to maintain a constant
permeate flux. The TMP increases during the constant permeate
flux operation in order to compensate for the increase in the
resistant to permeation. Accordingly, the critical flux is the flux
below which there is no presence of this increase in resistance
to permeation (i.e., the TMP is constant with time).”

It is worth remarking that critical fluxes, predicted using our
MC simulations and measured by Kwon et al. using the PMB
method, show reasonably good agreements for particles greater
than 0.3 �m. The particle deposition defined above is based on
the timely change of concentration in the feed solution of a
close-looped filtration unit, which shows less than 1% of change
with zero suction (no permeation) during the first 50 min [36].
Therefore, the concentration of the feed solution decreases as the
permeate flux increases. Interactions between particles and the
membrane can contribute to the initial deposition, forming the
first and next deposition layers on the membrane surface, assum-
ing that the particles overcome the primary potential peak of
the particle–membrane interaction [47]. The next accumulation
is mainly influenced by the permeate flux, which brings parti-
cles down to the membrane surface, causing the concentration
polarization. Amounts of accumulated particles contributing to the
variation of feed solution may not be purely from the first layers
of the particle deposition, but stationary formation of the concen-
tration polarization. We assume that Kwon et al.’s PMB method
incorporates the general concept of particle accumulation on the
membrane surface, possibly including sticking of particles on the
membrane surface through particle–membrane interaction (form-
ing the first layers) and post-formation of stationary concentration
polarization that contributes to the decrease in feed concentra-
tion. Our HFBMC predicts slightly lower critical fluxes than their
PMB-based flux values, which can be explained in terms of inter-
particle interactions. The ionic strength used in their experiments is
10−5 M, where colloidal particles are usually repulsive if their zeta
potential is of an order of O(10) mV in magnitude. Repulsive inter-
particle interactions mitigate the particle deposition, attenuate
structural bisection (i.e., concentration polarization), and so reduce
values of the order parameter. In other words, stronger repulsion
between particles allows higher critical flux below which no fouling
occurs.

As noted above, the goal of the current study is to delin-
eate in a consistent way a baseline of the critical flux using the
non-interacting hard spheres undergoing Brownian and shear-
induced diffusion only, i.e., pure equilibrium thermodynamic and
non-equilibrium hydrodynamic origins, respectively [26]. Without
enough shear rate (subject to the particle size), Eq. (14) implies
that the critical flux must decrease with respect to increasing par-
ticle size since larger particles will undergo stronger hydrodynamic
drag forces toward the membrane surface. Stronger shear enhances
back-diffusion of (larger) particles from the membrane surface to
the bulk phase even though their Brownian diffusion is negligible.
The HFBMC results shown in Fig. 8 indicate that the critical flux of
repulsive particles is higher than that of hard spheres larger than
an order of O(10−1) �m with shear rate of an order of O(103) s−1.
Comparison of the critical fluxes measured indicates that TMP esti-
mation always provides higher critical flux than that gauged using
the PMB method, which may indicate two distinct stages in the crit-
ical flux determination in terms of static distribution and dynamic
deposition for PMB and TMP, respectively.

The PMB result is close to the current HFBMC simulation because
both deal with concentration polarization (i.e., spatial deviation
of particle distribution away from the uniform configuration) as
a main criteria to determine the critical flux. The highest flux
that initiates particle deposition (accumulation) in experiments
corresponds to the flux that makes a transition of d˚/dvw from
the rapid (almost) linear decrease to the indifferent variation,
as shown in Fig. 7. The PMB and HFBMC both represent the
first steady state near which the initial, noticeable concentration
polarization occurs with abrupt spatial bias of the particle distri-
bution. Therefore, the hydrodynamics (i.e., convective drag force)
and reversible/irreversible thermodynamics (i.e., Brownian/shear-
induced diffusion) are appropriately balanced in the steady state. In
this light, the critical flux estimated by the TMP method indicates an
irreversible thermodynamic state in which diffusion is drastically
suppressed by permeation. Due to the unceasing increase in TMP
(above the critical flux), the TMP critical flux may possibly indicate
another transition from quasi-equilibrium to pure dynamic (non-
equilibrium) thermodynamic state, which is however out of the
scope of the current study.

It is interesting to see that the HFBMC critical flux shows excel-
lent agreement with experimental TMP critical flux for 0.1 �m
particles, of which shear-induced diffusion seems to be insignif-
icant. This case corresponds to our previous study that defines
the critical flux based on liquid to solid transition [23]. In the
normal direction, Brownian diffusion and hydrodynamic drag of
0.1 �m particles are balanced with negligible shear effects, and the
crossflow primarily contributes to the tangential transport, which
leads to a steady state. This implies that the HFBMC fundamentally
predicts TMP and PMB critical fluxes where Brownian and shear-
induced diffusion are dominant, respectively. In addition, it is worth
noting that the pore size of MF membrane used in Kwon et al.’s work
is 0.2 �m, in which 0.1 �m diameter particles can easily cause sur-
face pore blocking or internal fouling. This can explain why the
PMB critical flux of 0.1 �m diameter particles is less than that of
our simulation results (Fig. 8). The presence of a minimum criti-
cal flux with respect to the particle size corresponds to different
back-transport mechanisms of polydispersed particles during fil-
tration, validating the concept of a minimum in particle diffusivity
[48,49]. A (much) larger-scale simulation with accurate hydrody-
namics (such as Stokesian dynamics) are of great necessary for
further investigation dealing with particle motions near membrane
pores [50,51] as indicated by Kwon et al. [36].

4. Conclusions

The HFBMC was developed to investigate the crossflow filtration
of colloidal hard spheres undergoing both Brownian and shear-
induced diffusion simultaneously. An effective hydrodynamic drag
force acting on a hard sphere in a concentrated shear flow within
a membrane channel is incorporated into the HFBMC simulations.
Transition probability is composed of tangential and normal biases,
which are based on the axial convection and the vertical drag force,
respectively. Results of critical flux from the HFBMC using non-
interacting hard spheres follow the same experimental propensity
of those estimated using the PMB method [36]. This is because the
experimental and simulation approaches are based on formation
of the concentration polarization, causing the initial deposition
of particles, characterized by the biased distribution. The TMP
method can be inferred to provide a transition point to a pure
non-equilibrium (dynamic) state, which requires further exten-
sive investigation. The HFBMC resulted in better agreements with
TMP and PMB critical fluxes for smaller (< 0.3 �m) and larger
(> 0.3 �m) particles, respectively, discriminating the dominant
diffusion mechanisms.
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