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a b s t r a c t
Monte Carlo simulations are performed to investigate deposition phenomena of sticky particles that undergo
diffusive, convective, and gravitational inﬂuences on a highly permeable surface. Deposited structures are
studied in 3-D space using a Pelcet number as the key parameter. Fractal dimensions of the particle trajectory
and deposit structure indicate that a transition from diffusion-limited to convection (and gravitation)-limited
transport occurs at the Peclet number of Pe = 10− 0.84 = 0.146. Analysis of the lateral density shows three
distinct regions of deposit structures (deﬁned in this study): founding, grown, and progressing regions. A
penetration depth is deﬁned to explain the relationship between particle transport and the evolution of
deposit structures.
© 2009 Elsevier B.V. All rights reserved.

1. Introduction
The deposition of particles (including biocolloids) on permeable
surfaces plays an important role in natural and engineered processes
inﬂuenced by a variety of physical, chemical and biological conditions.
When rigid particles are ﬁltered using membranes, permeate ﬂow
drags particles down toward the membrane surface, and particle
transport is primarily affected by Brownian diffusion, ﬂuid ﬂow,
gravitational force, and interparticle interactions [1,2]. When the
suspension has a low concentration of strongly attractive (sticky)
particles, deposit layers are formed through sequential capturing of
drifting particles by pre-deposited particles. Particle deposition and
aggregation effectively control the performance of membrane
ﬁltration [3–7] and signiﬁcantly affect the growth and morphology
of deposit structures. The geometrical complexity of the structures is
described by non-integer fractal dimensions [8–11]. This characteristic fractal nature in particle deposition was successfully modeled
and explained by Barabsi and Stanley [12].
Several researchers performed computer simulations to study the
deposition behavior of mono- and poly-dispersed particles and
characterized the deposit morphology using the fractal dimension
concept [13–15]. Veerapaneni and Wiesner [13] used a biased Monte
Carlo simulation to study particle deposition in two dimensional space
under random Brownian motion as well as convective and gravitational inﬂuences. Due to the geometrical constraint of their simulations performed in 2-D Euclidian dimensions, Veerapaneni and
Wiesner's results primarily provide qualitative insights into the real
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observation of particle transport and deposit morphology physically
occurring in 3-D space. Although some studies engaged 3-D modeling
[16–19], they included only the diffusion-limited transport in various
circumstances in the absence of a unidirectional bias such as
convection and/or gravitation. Therefore, we extended Veerapaneni
and Wiesner's model to a 3-D simulation, incorporating the Peclet
number, deﬁned as the ratio of downward convective and gravitational ﬂux to the upward diffusive ﬂux, and investigated particle
transport phenomena under multiple inﬂuences including diffusion.
The morphology of cake structure varies with the potential energy,
shape, size and rigidity of colloidal particles. During ﬁltration
processes, colloidal particles may undergo adsorption of organic
matter on their surfaces, which alters the interparticle interactions.
Furthermore, deformability and eccentricity of the organic matter
inﬂuences cake compressibility, permeability, and morphology. In this
case, effects of organic matter in the feed solution on cake formation
and membrane fouling can be studied by employing phenomenological potential functions between two colloids, as is also possible for soft
particles. Nevertheless, particle transport inﬂuenced by strong
attractive interparticle interactions and external (e.g., hydrodynamic
and gravitational) forces should exist amidst the diffusion-limited and
convection/gravitation-limited transport regimes. Therefore, this
study focuses on advances in 3-D simulation of rigid particle
deposition followed by structural evolution without restructuring
during dead-end ﬁltration, where the membrane is portrayed as a
highly permeable substrate [13]. The present model covers pure
diffusion-limited (entropic) to convection-limited (ballistic) transport, which are ideally characterized as zero and inﬁnite Peclet
numbers, respectively. The model is capable of achieving a consistent
and integrated view of deposition phenomena of rigid, sticky particles
in 3-D space and investigating the ﬁltration behavior under a wide
range of operating conditions. Moreover, a novel characteristic
parameter, denoted here as penetration depth, is introduced to clarify
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2. Monte Carlo simulations

In this case, until the particle deposits on the substrate or onto one
of the pre-deposited particles, the transport of the drifting particle is
diffusion-limited and almost identical to a random walk movement in
3-D space.

2.1. Simulation method

2.2. Speedup algorithm

Following Meakin's work on a lattice-based model [8,17,20], we
performed Monte Carlo simulations of particle deposition on a highly
permeable surface in a normal ﬂow ﬁeld. The rectangular simulation
box has dimensions of L × W × H, where L (=300) and W (=300) are
the length and width of the permeable square substrate, and H
(=800) is the box height. The distance unit between the two nearest
grid points in each coordinate is the particle diameter, dp. A simulation
starts with releasing the ﬁrst particle at 150 grid points above the
bottom of the simulation box and traces the trajectory until it reaches
the substrate surface. When pre-deposited particles are present, a
new particle is released 150 grid points above the top-most particle
(i.e., highest z-coordinate). The released particle can move in one of
six directions (i.e., ±x, ±y, and ±z) at each step movement. The
probability for the particle to move in the −z direction is biased due to
the downward ﬂuid ﬂow and gravitational force toward the
permeable substrate. The probabilities in the other ﬁve directions
(i.e., ±x, ±y, and +z) are evenly distributed [13]:

The core computational task of this Monte Carlo simulation is to
verify whether the drifting particle is in contact with the substrate
surface and/or any of the pre-deposited particles. This procedure
requires calculation, at each simulation step, of all the pair distances
between the drifting particle and deposited particles, as well as ﬁnding
the minimum distance to the drifting particle. The distance from the
substrate to the center of the drifting particle is equal to the z-coordinate
of the particle. The number of deposited particles linearly increases as
the simulation continues, as does the number of the pairs. In a later stage
of the simulation, calculations of all of pair distances required
impractical CPU time, especially under diffusion-limited transport. To
reduce the heavy computational tasks, a cutoff algorithm was developed
to speed up the simulations according to the following.
When a drifting particle is initially released at →
r ini = ðiini ; jini ; kini Þ,
the location of a pre-deposited particle that has the shortest distance to
the released particle, →
r p = ðip ; jp ; kp Þ, provides

how the top-surface of the deposit structure evolves under a certain
transport regime.

1 + Pe
Pi =
6 + Pe
Pi =

1
6 + Pe

for i = −z

ð1aÞ

for i =  x; y;+ z

ð1bÞ

where Pe is the Peclet number, and Pi is the probability that a particle
moves in the i-direction. The Peclet number is deﬁned as
Vc + Vg
Vd

ð2Þ

Vd =

kB T
3πd2p μ

ð3Þ

Vg =

dp gðρp −ρf Þ
18μ

Pe =
with

2

ð4Þ

where Vc, Vd, and Vg are velocities representing convective, diffusive,
and gravitational transports, respectively; g is the gravitational
acceleration; ρp and ρf are mass densities of particle and ﬂuid,
respectively; μ is the pure ﬂuid viscosity; kB is the Boltzmann constant;
and T is the absolute temperature. Directions of Vc and Vg are downward,
and that of Vd is upward. If the diffusion is negligible due to a fast ﬂow
and/or signiﬁcant gravitational effects (based on density and size
differences between particles), then the Peclet number diverges to
inﬁnity, giving the probability of

1
Pi ≅
0

i = −z
:
otherwise

ð5Þ

Thus, the transport is convection/gravitation-limited and the trajectory of particles, once released, is similar to rain drops falling to the
ground in the normal direction (i.e., ballistic movement). If the particle
size is small enough, then Pe is close to zero, providing a uniform
probability distribution in each of the six directions:
Pi ≈

1
6

for i =  x; y; z:

ð6Þ

→
rp =
r ini −→

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðiini −ip Þ2 + ðjini −jp Þ2 + ðkini −kp Þ2

ð7Þ

denoted as the cutoff distance. Here, it is worth noting that the drifting
particle should move at least
Nfree = jiini −ip j + jjini −jp j + jkini −kp j−1
times to be at a distance from the released point equivalent to the
cutoff distance or to have contact with the deposited particle located
at →
r p . Note that diagonal movements are not allowed in this
simulation. During these Nfree times of movement, the drifting particle
will never have any collision opportunities with any of the deposited
particles on the membrane surface but only performs the biased
random walk in 3-D space, which is governed by the probability of
Eqs. (1a) and (1b). This indicates that the calculation of pair distances
from the drifting particle to all pre-deposited particles is unnecessary
within the Nfree steps. After Nfree times of free drifting, →
r p is updated
with the location of a new particle, which gives a new cutoff distance
to the drifting particle that just ﬁnished Nfree movements.
Using this cutoff algorithm, we obtained a signiﬁcant increase in
speed in the 3-D deposition simulations: on average, each simulation
took two or three weeks for the top-most particle to reach the ceiling
of the simulation box (i.e., H = 800). Without utilizing the cutoff
distances, 3-D simulations with a reasonable number of particles is a
formidable task. Simulations with low Peclet numbers took longer
than those of high Peclet numbers because the diffusion-limited
mechanism allowed more random-walk-like movements of the
particles, and therefore drifting particles stayed longer in the bulk
phase before deposition. A series of simulations were conducted using
a Beowulf PC cluster (Dell Inc.) consisting of 16 nodes, each having
two 2.3 GHz Xeon processors and 2 GB of random access memory.
Flexible and efﬁcient memory handling for the increasing number of
deposited particles was possible using the dynamic memory allocation (DMA) features of FORTRAN 90 [21]. A queuing system, Load
Sharing Facilities (LSF) (Platform Computing Inc.), was used to run
and manage the large-scale simulation tasks in a stable and optimized
manner.
2.3. Conditions
The following conditions were used to perform the MC simulations
to generate fractal deposit structures for given Peclet numbers.
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2.3.1. Perfect sink
Pre-deposited particles and substrate surfaces commonly play the
role of a perfect sink to drifting particles, whose movements are
governed by the directional probability deﬁned in Eq. (1). Once a drifting
particle arrives at and sticks to the substrate surface or any of the predeposited particles, its detachment and re-suspension to the bulk phase
are prohibited. Then, the number of deposited particles increases by one
(i.e., Np →Np + 1), and a new particle is released 150 grid points above
the top-most particle of the updated deposit structure that includes the
just-deposited particle. This perfect sink is analogous to the case where
the sticking probability is one. Effects of the sticking probability (i.e.,
collision efﬁciency) on deposit morphology can be found elsewhere
[8,22,23].
2.3.2. Lateral boundary
The periodic boundary condition [20,22] is used on the four wall sides
of the simulation box: if a particle exits at x = ±L/2 (or y = ±L/2), it
reenters at x = ∓L/2 (or y = ∓L/2). This boundary condition is to mimic
global homogeneity and translational invariance of the deposit structure
in the lateral plane. Veerapaneni and Wiesner [13] used the reﬂecting
boundary condition by which, if a particle escapes from a simulation
wall, it bounces back into the simulation grid near the reﬂecting wall. For
a wide enough substrate, the periodic and reﬂecting boundary
conditions would not provide a signiﬁcant difference in deposit
structures. However, the periodic boundary condition implies inﬁnite
homogeneity and translational invariance, while the reﬂecting boundary
condition is more appropriate for conﬁned particle systems.
2.3.3. Particle cancelling
During simulations if the z-coordinate of the moving particle is 150
grid points higher than its initial location (i.e., 300 points above the topsurface of the deposit structure), then the particle is cancelled. A new
particle is freshly released at the same height of the initial position of the
cancelled particle but at a randomly selected horizontal location. This
approach involves accelerating the simulation, especially when the
diffusion is dominant over other transport mechanisms, where the
Peclet number would allow particles to perform unceasing random
walks in the 3-D space far away from the deposit surface. Cancelling
these particles does not alter any physical properties of the deposit
structure but only increases the computational efﬁciency.
3. Results and discussion
3.1. Trajectory fractal dimension
The dominance of transport mechanisms can be evaluated by the
trajectory fractal dimension which is deﬁned as
DTraj =

2
1+α

ð8Þ

for which the following relationship is used:

〈ð→r−→r Þ 〉∝N
2

0

−ð1 + αÞ
p

ð9Þ

with
2

0

N

1 1 p M → → 2
∑ ∑ ð r i;j − r i;0 Þ
p M i=1 j=1

〈ð→r−→r Þ 〉∝ N

ð→
r i;j −→
r i;0 Þ

ð10Þ

where M is the total number of movement steps, and →
r i;j is the position
of the ith particle at time step j, after it was initially released at →
r i;0 .
Theoretically, the averaging over the particle number in Eq. (10) is not
necessary, but it signiﬁcantly accelerates the convergence of the mean
variance of particle positions in comparison to a case where a single or a
few particles is used for much longer time steps [24].
Fig. 1 shows the variation of the trajectory fractal dimension with
respect to the Peclet number, which converges to 2.0 and 1.0 at low

Fig. 1. Trajectory fractal dimension, DTraj, and its negative ﬁrst order derivative, −dDTraj/
dLog(Pe). The peak value of the derivative occurs at Pe = 10− 0.84 (=0.146) as indicated by
the short vertical line and thus divides the diffusion- and convection-limited transports.

(≤10− 2) and high (≥101) Peclet number limits, implying diffusiondominated and convection-dominated transports, respectively. The
transition between the two transport mechanisms occurs at a Peclet
number on order of O (10− 1), below and above which particles move
nearly in random and ballistic manners, respectively. This phase
transition of mass transport is clariﬁed when the derivative of the
trajectory fractal dimension with respect to the Peclet number (in logscale) is calculated as shown in the bottom graph of Fig. 1. It speciﬁcally
indicates that the transport transition occurs at Pe = 10− 0.84 (=0.146)
taken as the peak of the derivative plot, which is ﬁtted using a
polynomial expansion.
3.2. Deposit structures
Final deposit structures are shown in Fig. 2, representing their
apparent variations with respect to the Peclet number. Fig. 2(a) shows the
deposit structure dominantly grown under diffusion-limited transport
with Pe=0.01, which appears to be very open and sparse. Locally
clumped groups are observed, and the top-surface boundary is very rough
and hence difﬁcult to delineate. In 2-D simulations of other researchers
who used small Peclet numbers [9,13,17,20], deposit structures were
observed as tree-like, open, and dendritic with poorly deﬁned topsurfaces. In the 2-D space, diffusing particles have fewer penetration
opportunities in to the deposit layer and contribute to more vertically
spreading structures (with attenuating density proﬁles) instead of locally
clumped structures in 3-D space. This stems from the fact that movement
in 2-D space is geometrically more restricted than that in 3-D space.
Co-existence of the locally clumped and densely packed structures
is found in Fig. 2(b) (in comparison to Fig. 2(a)) even though the
substrate dimension of Fig. 2(b) is only 50 × 50 for proper visualization. Later simulations all use the larger dimension of 300 × 300 for
substrate surfaces to provide statistically reliable data.
Densely packed structures, with appearances similar to those of
well-packed building blocks, are shown in Fig. 2(c) and (d) for
Pe = 1.0 and 10.0, respectively. The structures are formed under
convection-limited, ballistic particle transport with high Peclet
numbers that cause denser structures than those of Fig. 2(a) and
(b). It seems obvious by visually observing Fig. 2(a)–(d) that diffusion
and convection/gravitation violently compete with each other to
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Fig. 2. Sample fractal structures of deposit layers on the substrate for grid dimension 50 × 50: (a) Pe = 0.01, (b) Pe = 0.1, (c) Pe = 1.0, and (d) Pe = 10.0.

dominate the particle transport near the Peclet number on the order
of O (10− 1) as supported by the previous analysis of the trajectory
fractal dimension in Section 3.1. 2-D projections of these 3-D
structures can be well quantiﬁed using the lateral density proﬁles
discussed in the next section.
3.3. Lateral density proﬁle
The deposit structure is characterized using lateral density, which
represents geometrical variation of the structure along the z-axis,
deﬁned as
3

ρðhÞ =

πdp nðhÞ
6 LWdp

ð11Þ

where n(h) is the number of particles deposited at the height, h, with
thickness of particle diameter dp. The height-average of the local
number density ρ(h) is equal to the average volume fraction of the
entire deposited structure.
The variation of the lateral density along the z-direction is shown
in Fig. 3(a) and (b) in terms of the height, h. Three regions are
identiﬁed for each Peclet number, which are deﬁned in this study as
founding, grown, and progressing regions.
• Founding region: The local density ρ(h) rapidly decreases after
initial deposition of the ﬁrst group of particles, which form a shallow
layer deﬁned as the founding layer. In this region, the declining
trend of the local density follows in a power-wise manner as shown
in the straight portions in the log–log plots of Fig. 3(a). This power-
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to that of the founding region. This implies that the random-walklike particle movement in the diffusion-limited transport generates
a thicker founding and progressing region with a sparser structure
and lower density.
The three regions discussed here were not distinctly noticed in a
previous study [9,13,17,20] probably due to the simulations performed
in 2-D space using an insufﬁcient number of particles as a result of
computational limitations; and/or the ﬁnal heights of simulated deposit
structures not being tall enough to clearly generate three stratiﬁed
layers.
3.4. Fractal dimension
A dominant mechanism that governs the particle transport was
quantiﬁed using the Peclet number, Pe. This mechanism determines
the overall shape and average density of the generated structure as
shown in Fig. 3. Another fundamental way to investigate the deposit
structure is to estimate the structural fractal dimension,1 deﬁned as
Df = 2 +

1
ϕ

ð12Þ

with
!

Np


h

ϕ

= ∑ zi ∝Np
i=1

ð13Þ

—
where h is the mean height of Np particles, and zi is the z-coordinate
of the ith particle. The length scale for the surface roughness can be
quantiﬁed using the root-mean-square deviation (RMSD), deﬁned as
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 L W
2
RMSD =
∑ ∑ ðh − hÞ
LW i = 1 j = 1 ij

Fig. 3. Variation of lateral density with respect to the structure height based on Peclet
number: (a) log–log and (b) linear scale plots.

wise propensity depicted in Fig. 3(b) for short heights (h b 100) is
more apparent for cases with low Peclet numbers for which the
whose founding layers are thicker than those of high Peclet
numbers. The early group of particles deposited on the clean
permeable surface captures post-depositing particles, prevents
particle arrivals at the substrate, and therefore contributes to
power-wise decline of the lateral density proﬁle.
• Grown region: Once a fractal structure is well formed in the founding
region, the plateau stage of the lateral density starts forming. From this
time, moving particles can barely reach the permeable substrate since
they are captured by and perfectly sunk onto the deposited structure
(see Section 2.3). Particles colliding with the top-most particles
contribute to the growth of the structure. Due to the presence of the
pre-deposited particles, moving particles cannot reach certain locations below a threshold height. The distance between the top-most
particle and the threshold height is in this study deﬁned as the
penetration depth (see Section 3.5). When the deposit height
becomes larger than this penetration depth, the density decline in
the z-direction seems to come to a halt and a second region of uniform
density starts forming. This phenomenon is here denoted as the
structural transition from founding to grown regions.
• Progressing region: In addition to the founding region of gradual
decline and the grown region of homogeneous density, the progressing region can be identiﬁed by the rapid decline of the lateral
density toward zero in Fig. 3. The thickness of this progressing
region increases with decreasing Peclet number in a similar fashion

ð14Þ

where hij is the position of the top-most particle above the substrate
at grid point (i, j). The RMSD varies with the number of deposited
—
particles, Np, and the mean height, h , in a power-wise manner, such
that
ω

RMSD = Np

ð15Þ

and
ψ
RMSD = h

ð16Þ

respectively. Combining Eqs. (13), (15), and (16) for large Np and tall
—
h yields
ϕ=

ω
ψ

ð17Þ

and provides an alternative expression of fractal dimension to
Eq. (12):
Df = 2 +

ψ
:
ω

ð18Þ

Fig. 4 shows variations of ϕ, ω and ψ versus Peclet number, in
which ϕ and ω appear to decrease, and ψ increases with increasing
Peclet number. Note that the ϕ values plotted in Fig. 4 are calculated
using Eq. (13). It is shown that ψ does not exceed ω, but approaches
the lowest value of ω at large Peclet numbers, which conﬁrms that Df
calculated using Eq. (18) is limited to 3.0. (Structural fractal
dimensions, independently estimated using Eqs. (12) and (18), are
1

Distinct from the trajectory fractal dimension of Eq. (8).
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Table 1
Analysis of the effect of the Peclet number on the deposit structure.
—
h ∝ Npϕ (Eq. (13)) with
RMSD ∝ N ωp (Eq. (15))
Given
As Pe (↑),
Df (↑) and bρN(↑)

Fig. 4. Variations of ϕ, ω, and ψ (of Eqs. (13), (15), and (16), respectively) versus Peclet
number.

almost identical to each other as shown in Fig. 5.) A detailed analysis
of Fig. 4 is summarized in Table 1 and explained below.
In the previous discussion, Figs. 2 and 3 prove that the Peclet number
controls the physical characteristics of the deposit layer: as the Peclet
number increases, it contributes more to ballistic transport and
generates denser structures. It can be concluded from Fig. 4 and
—
Eqs. (13) and (15) that h and RMSD decrease as the Peclet number
increases because ϕ and ω decrease with respect to the Peclet number.
This can be physically interpreted as given the number of deposited
particles Np, a higher Peclet number characterizes a deposit structure
with a shorter height and smoother (i.e., better-deﬁned) top-surface. On
the other hand, Eqs. (13) and (16) indicate that, given the deposit height
—
h , Np and RMSD increase with respect to the Peclet number since ψ
varies oppositely to the trend of ϕ with increasing Peclet number, as
shown in Fig. 4. When two deposit structures have the same average
—
height h ′, one formed with a higher Peclet number has more deposited
particles with a rougher top-surface. If the diffusion-limited transport,
ascribed to a low Peclet number, generates the forest-like top-surface
—
with a certain mean height, h ′, then there must be summits and valleys,
of which the geometrical variation is quantiﬁed using the RMSD,
denoted here as δdiffusive. When a high Peclet number creates a dense
—
structure with the same mean height of h ′, its RMSD, δballistic is taller

Np
ϕ(↓) and ω(↓)
—
h (↓) and RMSD(↓)

—
Np ∝ h 1/ϕ (Eq. (13)) with
—
RMSD ∝ h ψ (Eq. (16))
—
h
ϕ(↓) and ψ(↑)
Np(↑) and RMSD(↑)

than δdiffusive, conﬁrming the results in Table 1. The ballistic transport
produces a structure similar to many long rods vertically aligned and
embedded on a soft surface, forming narrow holes between the rods.
The structure is characterized as the fractal dimension close to 3.0 as
shown in Fig. 5 for large Peclet numbers. Under this circumstance, the x
and y coordinates of a particle at the initial position (when released) and
ﬁnal location (after deposition) can be very close to each other.
Fig. 5 shows the range of the structural fractal dimension of objects
with ﬁnite surface area in 3-D Euclidean space, which is greater than 2
and less than 3. The diffusive and ballistic transports produce fractal
deposit layers with Df ≃ 2.67 and 2.98, respectively, conﬁrming the basic
idea described above. For low Peclet numbers (b10− 1), the fractal
dimension is logarithmically proportional to the Peclet number as
shown by the linear regression in Fig. 5. For high Peclet numbers (N100),
the fractal dimension becomes nearly independent of the Peclet
number, since the transition probability of Eq. (5) would not
substantially change. The deviation point of the fractal dimension
from the linear regression starts near Pe = 10− 0.84, as indicated in Fig. 1.
This reconﬁrms that the particle transport mechanism is the primary
inﬂuence on the physical characteristics of the deposit structure. A
comparison of Figs. 1 and 5 points out that the trajectory fractal
dimension can be used as a precursor for estimating the structural fractal
dimension as well as the structural phase transition. The offset value of
Pe to the horizontal line, Df = 3, can induce the fractal dimension of an
extrapolated structural transition from diffusion-limited to ballistic
inﬂuences. The transition occurs at Pe = 10− 0.40, which is slightly higher
than the transition point of the trajectory fractal dimension, i.e., Pe = 10
− 0.84
. The small difference, 10− 0.40 − 10− 0.84 (=0.25), is attributed to
the capturing of particles during drifting movements. An estimation of
the trajectory fractal dimension uses numerous particles moving in the
3-D free lattice space in a sufﬁcient number of steps. Before performing
enough movements conducive to accurate trajectory fractal dimension,
drifting particles are captured within the deposit structure in the
intermediate course of their deposition. The stopping of drifting particles
is perhaps the main origin of the slight discrepancy between two
transitions occurring at Pe = 10− 0.84 and 10− 0.40, estimated in terms of
the trajectory and structural fractal dimensions, respectively.
3.5. Penetration depth

Fig. 5. Structural fractal dimension versus Peclet number. The solid straight line is from
the linear regression using the ﬁrst four points, and the vertical line is the plot of
Pe = 10− 0.84 = 0.146 from Fig. 1. Rectangular and circular symbols indicate values of
the structural fractal dimension calculated using Eqs. (12) and (18), respectively, for
which independent calculations show excellent agreement.

Fig. 6 shows the penetration depth that is calculated as follows.
While the deposit layer grows due to continuous particle deposition, the
maximum height of the deposit layer, which is equal to the z-coordinate
of the top-most particle, is monitored. Whenever the maximum height
reaches a multiple of 10, i.e., 10, 20,…, up to 800, 10,000 additional
particles are independently released 150 grid points above the
maximum height. The difference between the maximum height and
the average of the ﬁnal z-coordinates of the 10,000 particles after
deposition is taken as the penetration depth. As expected, an open and
sparse structure of lower fractal dimension (stemming from a lower
Peclet number) allows a deeper penetration of drifting particles.
Revisiting Table 1 for the constant h ̅ case clariﬁes the relationship
between the RMSD and penetration depth. Although long narrow holes
in the vertical direction can signiﬁcantly contribute to increasing RMSD,
the narrowness of holes precludes further particle transport through
vertically straight intermediate spaces and therefore diminishes the
penetration depth. One can observe from Fig. 6 that the penetration
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structural fractal dimension are proportional to the Peclet number,
which indicates that the ballistic transport generates a denser layer. A
lower structural fractal dimension characterizes a sparser structure, of
which local open spaces allow drifting particles to penetrate deeper into
the structure.
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