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a b s t r a c t

Temperature profiles in hollow fiber (HF)–direct contact membrane distillation (DCMD) are modeled
analytically using the standard perturbation theory and the method of separation of variables.
The theoretical results explain experimental observations reported in the literature. For HF–MD, new
basic quantities Fw and Sw are proposed instead of conventional mass and heat flux definitions,
respectively. Temperature varies linearly in the longitudinal direction, and Fw and Sq are proportional
to the membrane thickness to the power of �2/3. The stream speed of the hot feed primarily controls
mass transfer, and the lumen flow rate significantly influences the heat transfer. An analytical expression
of the theoretical maximum membrane length is derived, which decreases with transmembrane
temperature difference and increases with feed and permeate streams. The best performance of HF–
DCMD operation in terms of mass and heat transfer can be reached by using a short HF membrane with
fast stream speeds. For membranes of similar pore size and thickness, MD membranes of high porosity
will give better performance by providing sparser pore structures and consequently lower spatial
fraction for heat transfer.

& 2014 Elsevier B.V. All rights reserved.

1. Introduction

Membrane distillation received close attention in academia and
industry due to its ability to produce clean water using low-grade
heat or alternative energy sources at an inexpensive rate [1]. In
1996, the International Union of Pure and Applied Chemistry
(IUPAC) recommended the definition of membrane distillation
(MD) to be a “distillation process in which the liquid and gas
phases are separated by a porous membrane, the pores of which
are not wetted by the liquid phase” [2]. MD is a non-isothermal
process, of which the driving force is the partial pressure gradient
of evaporated water vapor along membrane pores. Specific MD
characteristics include membranes that (i) are porous with pore
size of an order of Oð0:1Þ μm, (ii) are hydrophobic not to be wetted
by the process liquid, (iii) do not alter vapor/liquid equilibrium,
(iv) should not allow liquid condensation inside pores, and
(v) should be maintained in direct contact (at least) with the hot
feed stream. In MD processes, momentum, heat, and mass trans-
port simultaneously occur in liquid and gas phases. Momentum
transfer in the hot feed and cold permeate sides provides a
dynamic framework, on which a thermal gradient is properly
maintained across the porous membrane. The water phase

changes from liquid to gas on the feed side of the membrane
interface, which is driven by the established temperature gradient.
Concentration gradient of evaporated water is induced by the
temperature gradient and generates diffusive vapor transport to
the cold permeate side of the membrane interface. Migration of
water vapor along membrane pores contributes to convective heat
transfer in addition to the heat conduction through the gaseous
phase in pore spaces and the solid part of the membrane matrix.
In terms of mass transfer, vapor flux (through membrane pores) is
much slower than speeds of the feed and permeate streams, and
therefore can be treated as a small perturbation to these channel
flows. A primary drawback of MD utilization and commercializa-
tion is its low permeate flux in comparison to conventional
separation techniques such as reverse osmosis, and more specifi-
cally, inconsistent observation of the vapor flux with respect to
module configurations and sizes. Low energy efficiency of DCMD
also precludes industrial commercialization using available trans-
membrane temperature gradient [3,4].

MD typically has four types: direct contact membrane distilla-
tion (DCMD) [5], vacuum membrane distillation (VMD) [6,7],
sweep gas membrane distillation (SGMD) [8,9], and air-gap mem-
brane distillation (AGMD) [10–12]. Extensive review and detailed
analyses of these MD types can be found elsewhere [13]. DCMD is
very popular because of its low resistance to heat and mass
transfer and wide applicability to various areas. Condensation of
water vapor occurs at the membrane–permeate interface within
modules so that no external unit is required for gas-to-liquid
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phase conversion of evaporated water. In DCMD, the transport
mechanism consists of five sequential steps: (i) heat and mass
transport from the hot bulk feed to the membrane surface, (ii)
evaporation of water molecules with latent heat absorption at the
(hot) feed–membrane interface, (iii) migration of water vapor
through membrane pores and convective/conductive heat transfer
across the membrane, (iv) condensation of transferring water-
vapor and dispensation of the absorbed latent at the (cool)
permeate–membrane interface, and finally (v) heat and mass
transfer from membrane–permeate interface to the cool permeate
bulk phase [1]. The migration mechanisms include Knudsen and
Brownian diffusion, Hagen–Poiseuille (HP)-type gaseous flow, and
surface diffusion. Slow net velocity of vapor molecules in the
confined pores and low affinity of water vapor to hydrophobic
pore surfaces often discard contributions of HP flow and surface
diffusion along pores [14–16].

Flat sheet (FS) type DCMD modules can permit high feed and
permeate flow rates (potentially with turbulence) of the feed and
permeate streams with low pressure drop along the flow direc-
tions [13,17–19]. Some researchers conducted modeling studies on
the FS-DCMD using empirical correlations of dimensionless num-
bers and length-averaged mass and heat balances [20–22]. On the
other hand, hollow fiber (HF) membranes can be desirable for
industrial applications due to high packing density, i.e., total
membrane area per unit volume. Low pressure drop with stable
flow conditions can be pursued with optimal packing density and
specific configurations of HF bundles in a containing vessel. Teoh
et al. [23] fabricated and tested HF–DCMD modules with baffles
and spacers, modifying fiber geometries for desalination pro-
cesses. One of the main impediments of the HF module is its
low flux, typically 1–4 l/m2 h (LMH) at 40–60 1C [24,25], (much)
lower than that of FS membranes of 20–30 LMH [26]. Turbulence
promoters are likely to be required to reduce temperature polar-
ization, but require extra energy consumption.

To the best of our knowledge, there are only a few fundamental
theories or modeling studies on HF–DCMD, which directly solve
full governing equations. Empirical correlations using dimension-
less numbers are widely used for analysis of DCMD [25,27–30].
In heat transfer, the Nusselt number (Nu) is correlated with
Reynolds (Re) and Prandtl (Pr) numbers plus channel geometry
and in mass transfer, the Sherwood number (Sh) is represented as
a function of Schmidt number (Sc), Re, and geometrical
information of the membrane. Cheng et al. [25] developed a
mathematical model to maximize DCMD performance by integrat-
ing the permeate flux along the membrane. Mass, momentum and
energy were balanced on both the feed and permeate sides.
Length-averaged flux and thermal efficiency were calculated with
respect to velocities and temperatures of feed and permeate
streams. Fluid flows within and between fibers were assumed
to vary only in the axial direction and therefore their radial
variations (causing a shear effect on lumen and shell surfaces)
were discarded due to complexities of the module geometry. Chen
et al. [28] developed the two-dimensional mathematical formula-
tion of the flat-plate concurrent-flow DCMD process for predicting
pure water productivity, temperature polarization profile and
hydraulic dissipated energy. The 2D partial differential equations
were reduced to one ordinary differential equation and solved
using the fourth-order Runge–Kutta method. Bui et al. [29]
developed semi-empirical models using iterative methods of
classic dimensionless analysis and studied simultaneous heat
and mass transfer in DCMD of a HF configuration. They indicated
that the dependency of Nu on Pr and Sh on Sc can be stronger than
those from Sider–Tate and Hausen models [31,32]. The exponent
of Pr was suggested to be 0.55 instead of the conventional value of
0.33. This must be due to the porous nature of the membrane and
tortuousness of pore network structures. Although the model

utilizing empirical correlations provides simple and prompt esti-
mation of MD performance and so can be used to design serial
and/or parallel configurations, local transfer phenomena of
momentum, mass, and heat are simply averaged out in both the
radial and axial directions. Zhang et al. [30] developed a model for
predicting the flux and evaporation ratio in DCMD using a
compressible membrane. This model used the local (instead of
length-averaged) Nusselt number calculated from turbulent flow.
Other interesting applications include transport resistance [33],
pore-size distribution [34,22] neural network modeling [35], use
of factorial design [36], dusty-gas model-based analysis for con-
centration of black currant juice [37], drinking water production
[38], solar-assisted DCMD application [39], Monte Carlo simula-
tions [40] and non-equilibrium thermodynamics [41]. Modeling
papers described above well explained experimental results
within reasonable error ranges. Full governing equations of
momentum, heat, and mass transfer are reduced to a certain
degree and numerically solved using experimental correlations.
Excellent review on recent MD research using theoretical models
can be found elsewhere [42].

Although HF–DCMD is a practically effective configuration in
terms of high membrane area per module volume, its modeling
with rigorous balances seems to be challenging due to the
complex packing structure of many fibers. Multi-scale phenomena
must be properly investigated with the same degree of theoretical
approximation, exchanging key physical information at various
length scales: molecular mean-free-path to pore sizes, pore
diameter to tortuous pore path, membrane thickness to length,
and module length to vessel diameter. If numerical methods are
used to solve the multiple governing (partial differential) equa-
tions at fundamental levels, fine and multi-scale mesh-grids seem
to be inevitable to mimic vapor transfer through a number of HF
membranes in a cylindrical vessel. Computational fluid dynamics
combined with heat and mass transfer simulations can fully
analyze HF–DCMD phenomena to a certain degree of accuracy,
but is generally not practical for performance prediction followed
by operational optimization. In this light, we aim to develop an
analytic model to investigate performance of HF–MD membranes
by seamlessly connecting momentum/heat/mass transfer phe-
nomena at multiple scales.

2. Theory

A number of HF membranes are bundled in parallel in a
cylindrical vessel of radius Rvsl. A higher HF packing provides more
membrane surface area, but closer distance between two adjacent
fibers may reduce the transmembrane temperature gradient and
decrease the permeate flux per fiber. This is because the thickness
of the temperature polarization layer can be comparable to the gap
between two fibers, especially when stream flows are slow or fibers
are very long. The spatial complexity due to the large number of
aligned, cylindrical HFs often makes transport modeling formidable
unless a certain mathematical simplification is suggested. We
idealize the geometry of a number of packed HFs using a cylindrical
unit cell model and investigate heat and mass transfer phenomena
across the porous membrane, as influenced by momentum transfer
in the hot-feed and cold-permeate streams.

Fig. 1 shows a single HF of thickness δm and length L
concentrically located in the (imaginary) cylindrical unit cell. This
configuration represents a simplification of Nfbr fibers of inner and
outer radii of a and b, respectively, aligned in the vessel with a HF

packing fraction of ϕ¼Nfbrb
2=R2

vsl. This setup makes the many HFs
in a vessel equivalent to a single fiber positioned at the center of
the unit cell of radius c¼ Rvsl=

ffiffiffiffiffiffiffiffiffi
Nfbr

p
. Momentum, heat, and mass
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transport are separately treated in each region and linked seam-
lessly at membrane boundaries. The vapor migration through
membrane pores is considered as perturbed to ambient momen-
tum transports in the inner (lumen) and outer (shell) regions. The
counter-current flow mode is applied in the lumen and shell sides,
which is to efficiently maintain the transmembrane temperature
gradient pseudo-constant along the longitudinal direction. This
theory is originally developed for the hot-in/cold-out (HICO)
mode, but the hot-out/cold-in (HOCI) case is also studied by
exchanging the lumen and shell inlet temperatures. By seamlessly
linking solutions for the transport equations in the lumen, mem-
brane, and shell regions, we systematically investigate effects of
operating conditions and module geometry on the HF–DCMD
performance.

Assumptions: Throughout this theory, the following assump-
tions are made and described when specifically applied.

� Momentum transfer: in both lumen and shell sides, (i) fluid
flow is within the laminar regime and does not slip on the
inner and outer HF surfaces, (ii) radial and angular components
of the fluid velocity are negligible in comparison to z-direc-
tional flow, jVrj and jVθj5 jVzj, (iii) azimuthal symmetry is
valid by neglecting angular dependencies, ∂=∂θ¼ 0, and (iv) the
entrance effects of lumen and shell flow are negligible because
of the geometrical conditions, a and b5L.

� Heat transfer: (i) fluid pressure is independent of temperature
so that viscous dissipation is neglected, (ii) heat transfer in the
longitudinal direction is negligible to that in the transverse
direction, j∂T=∂zj5 j∂T=∂rj, and (iii) temperature profiles in
lumen and shell sides follow similar functional forms.

� Mass transfer: (i) the vapor flux is negligible in magnitude to
fluid speeds in both sides, and (ii) total pressure in confined
pore spaces is approximately 1.0 atm.

� Material properties: (i) viscosity and density of water are not
sensitively changing in each side due to the small temperature
change in the longitudinal direction, (ii) thermal conductivity
of the porous membrane is approximately constant with
respect to temperature, and (iii) thermal conductivity of the
solid–gas mixture is better represented by Maxwell0s funda-
mental representation than isostrain and isostress models.

� Module geometry: (i) all the fibers in the vessel are parallel to
each other and to the flow directions, and (ii) each cylindrical

cell is completely independent and so does not exchange
momentum, heat, and mass with adjacent ones.

2.1. Momentum and heat transfer in lumen

Momentum transfer: We assume that fibers in the cylindrical
vessel are parallel to each other as well as to the flow directions.
The fluid velocity components in the radial and angular directions
are assumed to be zero, Vθ ¼ Vr ¼ 0 in both lumen and shell sides
and azimuthal symmetry is presumed, ∂=∂θ¼ 0, for all momen-
tum, heat, and mass transfer phenomena. The axial flow field Vz

survives as it varies with r and z. The vapor flux is usually much
smaller (in magnitude) than fluid speeds of the inner and outer
streams. The axial momentum transfer at membrane interfaces is,
therefore, not significantly influenced by the vapor flux across
the HF membrane. For laminar flow (Reo2100), the Navier–
Stokes equation in steady state is represented, discarding the
vapor flux, as

1
r
∂
∂r

r
∂Vz

∂r

� �
¼ 1
μ
∂P
∂z

ð1Þ

where P is the hydraulic pressure in stream channels. The general
solution of Eq. (1) is

VzðrÞ ¼ A1r2þA2 ln rþA3 ð2Þ
for both inner and outer fluid flow, where A1, A2 and A3 are unknown
constants to be determined later using flow rates and boundary
conditions. Water viscosity μ gradually decreases with temperature,
implying that coefficients Aiði¼ 1�3Þ may change in the radial
direction. Temperature variations in channels are, however, too small
(i.e., more or less a few degrees Kelvin) to significantly change the
physical properties of the fluid such as water density and viscosity
[32]. Therefore, Ai can be considered as an indifferent function of
temperature: mathematically, ∂Ai=∂T � 0 and hence ∇Ai � 0. We
apply boundary conditions for the inner velocity u:

uðr¼ 0Þ ¼ finite ð3Þ

uðr¼ aÞ ¼ 0 ð4Þ
to derive

uðrÞ ¼ 2〈u〉½1�η2� ð5Þ

Fig. 1. Schematic of cylindrical cell model for a HF membrane divided into inner (0oroa), membrane (aorob), and outer (boroc) regions, where a and bð ¼ aþδmÞ are
the inner and outer radii of HF membrane of thickness δm , respectively, and c is the radius of the cylindrical unit cell of packing fraction ϕ¼ b2=c2. The inner (lumen)/outer
(shell) stream has inlet velocity u=v of constant inlet temperature T lmn=Tshl. Boundary temperature has a form of Tij, where i¼ 1;2;3 and 4 for radial locations of
r¼ 0; a; b; and c; and j¼ 0 and L for the axial locations.
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where ηð ¼ r=aÞ is the dimensionless radial coordinate, and 〈u〉 is the
cross-section-averaged flow speed in the lumen region:

〈u〉¼ 1
πa2

Z a

0
uðrÞπr dr¼ Ulmn

πa2Nfbr
ð6Þ

where Ulmn is the total flow rate through lumen spaces of Nfbr fibers.
The validity of the no-slip boundary condition of Eq. (4) is as follows.
Mean free path of water molecules in the liquid phase is of an order
of O(10�10) m, and the membrane pore size is O(10�7) m. The
Knudsen number is then of an order of O(10�3), i.e., the ratio of
the mean free path to the pore diameter. As expected, the lumen
flow is in the continuum regime. This condition also applies to the
outer surface. (See Section 2.2 for details.)

Heat transfer: Thermal diffusion and convection are balanced in
this inner (lumen) region, represented by

∇ � ðκlmn∇T inrÞ ¼
∂
∂z
ðρwcpwuT inrÞ ð7Þ

where T inr is the inner temperature, κlmn is the thermal conduc-
tivity of water at the lumen temperature, ρw is the water density,
and cpw is the specific heat of water at constant pressure. (See
Appendix for thermal properties of water with respect to tem-
perature.) For a HF membrane, its length is usually much longer
than fiber diameters and thickness (Lba; b; and δm); and channel
flows are a few orders of magnitude faster than the vapor flux
(〈u〉 and 〈v〉b Jw). Due to these characteristics, the heat conduction
is dominant in the radial direction as compared to that in the axial
direction:

1
r
∂
∂r

r
∂T inr

∂r

� �����
����b ∂2T inr

∂z2

����
���� ð8Þ

Mathematically, Eq. (7) has a translational invariance in terms of
T inr: adding (or subtracting) a reference (constant) temperature,
let us say T inr;ref , does not change the validity of the heat
conduction–convection equation (7). We define a reduced tem-
perature and thermal Peclet number as

Φ¼ T inr�T inr;ref

T inr;ref
ð9Þ

and

Pelmn ¼
2〈u〉L
αlmn

ð10Þ

respectively, where αlmn ¼ κlmn=ρwcpw is the thermal diffusivity of
the lumen stream water, typically of an order of O 10�7

� �
m2=s.

Substitution of Eqs. (9) and (10) into (7) gives

1
η

∂
∂η

η
∂Φ
∂η

� �
�βlmnð1�η2Þ∂Φ

∂ζ
¼ 0 ð11Þ

where ζð ¼ z=LÞ is the dimensionless axial position and

βlmn ¼ Pelmn
a2

L2
¼ 2〈u〉a2

αlmnL
ð12Þ

which contains the fluid mechanical, thermal, and geometrical
information. The inner radius a and the membrane length L are on
the order of Oð10�4Þ m and Oð10�1Þm, respectively. The mean
speed 〈u〉 has values on the orders of Oð10�1�100Þm=s. In this
case, the Peclet number is about 104 or 105, and a2=L2 is Oð10�6Þ:
therefore, βlmn value hardly exceeds the order of Oð101Þ unless the
fiber length is impractically short. The fast thermal convection
along the membrane length L is (geometrically) balanced by the
slow thermal diffusion in the transverse direction.

Using the perturbation approach with the method of separation
of variables, we calculate the final form of the inner temperature

and heat flux profiles as

T inrðη; ζÞ ¼ T lmn�ΔT lmn

1�e�λlmnζ=βlmn 1�1
4
λlmnB0FðηÞ

� 	
1�e�λlmn=βlmn

ð13Þ

and

qinr ¼ �κlmn

a
∂T inr

∂η

�����
η ¼ 1

¼ λlmnB0
κlmnΔT lmn

4a
expð�λlmnζ=βlmnÞ
1�expð�λlmn=βlmnÞ

ð14Þ
respectively, where ΔT lmn is the temperature difference between
the inlet and outlet of the lumen, λlmn is the coupling constant
derived using the method of separation of variables, and B0 is
an arbitrary constant to be determined. FðηÞ is a non-linear
function of η as defined in Eq. (A.10). (See Appendix for detailed
calculation.) The heat transfer rate across the lumen surface is then
calculated as

ΔQ inr ¼ 2πaL
Z 1

0
qinrðζÞ dζ ¼

π
2
βlmn B0 κlmnLΔT lmn ð15Þ

which is influenced by lumen flow speed, thermal properties of
fluids, and fiber geometry.

2.2. Momentum and heat transfer in shell

Momentum transfer: On the shell surface and cell boundary, the
fluid velocity and tangential stress are assumed to be zero. These
boundary conditions are written for fluid velocity and tangential
stress as

vðr¼ bÞ ¼ 0 ð16Þ
and

τrz ¼ τzr ¼ μ
∂v
∂r

¼ 0 at r¼ c ð17Þ

respectively. Eq. (17) conceptually stems from Happel0s tangential-
stress-free cell model for packed spheres [43]. Applying Eqs. (16)
and (17) to the general solution for v (Eq. (2)), the outer flow field
is calculated as

v¼ �2vbf ðsÞ½1þs2 ln χ2�χ2� for 1oχos ð18Þ
where χ ¼ r=b is a new dimensionless radial coordinate, and
sð ¼ c=b¼ 1=

ffiffiffiffi
ϕ

p
Þ is the ratio of the radius of the cylindrical unit

cell to the shell surface. Eq. (18) indicates that logarithmic, gradual
variation of the outer flow field in the radial direction becomes
dominant as s increases: for a low packing fraction, v varies slowly
apart from the shell surface. The representative outer speed is

Fig. 2. Variation of f and s of Eq. (20) with respect to packing fraction ϕ.
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calculated as

vb ¼
Ushl

πb2Nfbr

ð19Þ

where Ushl is the volumetric flow rate of the shell side. The effect
of packing fraction on the flow field is represented by

f ðsÞ ¼ 1
s4 ln s4þ4s2�3s4�1

¼ ϕ2

4ϕ�3�2 ln ϕ�ϕ2 ð20Þ

which is a positive, increasing (and decreasing) function of ϕ (and
s). Fig. 2 shows how sensitively f ðϕÞ varies with respect to the
packing fraction ϕ. Given the shell flow rate Ushl, two extreme
cases are s-1þ and s-1, which indicate a packing fraction
ϕ-1� and ϕ-0þ , respectively. The former represents the vessel
as fully packed with HF membranes so that the flow speed is
extremely fast through narrow inter-fiber spaces; and the later
means a few HFs exist in a vessel so that the outer flow field to
each fiber is similar to that of a single HF. As ϕ increases from
� 0:4, f starts increasing drastically. Values of f are 1.0 and 10.0 at
ϕ¼ 0:45 and ϕ¼ 0:64, respectively, but s changes only from 1.5 to
1.25. The average outer speed is

〈v〉¼ vb
s2�1

¼ vbϕ
1�ϕ

ð21Þ

which increases with the packing fraction. For a predetermined
Ushl, a higher ϕ will provide a faster 〈v〉, which will lessen the
temperature polarization on the outer membrane surface. How-
ever, the required pressure, if too high, may exceed the threshold
hydraulic pressure, i.e., liquid entry pressure to pores, and there-
fore potentially cause membrane wetting.

Heat transfer: The heat equation for thermal convection and
diffusion in the outer region has the same form as Eq. (7) with κlmn

and u replaced by κshl and v, respectively. We define the reduced
temperature in this region as

Ψ ¼ Totr�Totr;ref

Totr;ref
ð22Þ

where Totr and Totr;ref are the outer temperature profile and its
reference value, respectively. The dimensionless governing equa-
tion is

1
χ

∂
∂χ

χ
∂Ψ
∂χ

� �
¼ βshl 1þs2 ln χ2�χ2
 �∂Ψ

∂ζ
ð23Þ

where

βshl ¼
2vbb

2

αshlL
f ðsÞ ¼ 2〈v〉b2

αshlL
f ðsÞðs2�1Þ ð24Þ

and αshl ¼ κshl=ρwcpw is the thermal diffusivity of the shell stream
water. In addition, the permeate thermal Peclet number may be
defined as

Peshl ¼
2〈v〉L
αshl

ð25Þ

Using the same mathematical method, we derive the final
forms of the outer temperature profile and heat flux at the shell
surface as

Totrðχ; ζÞ ¼ Tshlþ
ΔTshl

1�expð�λshl=βshlÞ
C5�

1
4
λshlGðχÞ

C5�
1
4
λshlGðsÞ

0
B@

1
CAe�λshlζ=βshl �e�λshl=βshl

2
64

3
75

ð26Þ
and

qotr ¼ �κshl
b

∂Totr

∂χ

�����
χ ¼ 1

¼ λshl
κshlΔTshl

4b
gðsÞ

C5�1
4λshlGðsÞ

expð�λshlðζ�1Þ=βshlÞ
1�expð�λshl=βshlÞ

ð27Þ

respectively, whereΔTshl is the axial temperature difference in the
shell between the inlet (z¼L) and outlet (z¼0), and λshl and C5 are
temperature correlation constant and arbitrary constant, respec-
tively, to be determined. The heat transfer rate normal to the outer
(shell) surface is then

ΔQotr ¼ 2πaL
Z 1

0
qotrðζÞ dζ ¼ π

2
βshl

gðsÞ
C5�1

4λshlGðsÞ

" #
κshlLΔTshl ð28Þ

where G and g functions are defined in Eqs. (A.26) and (A.27),
respectively. (See Appendix for detailed calculation.) Note that Eqs.
(26)–(28) have similar functional forms to those of Eqs. (13)–(15)
for the lumen region.

2.3. Heat and mass transfer in membrane

The driving force of vapor migration is the partial pressure
gradient of vapor molecules along the membrane pore, which is
often converted to a temperature gradient using the Clausius–
Clapeyron equation [44]. An underlying assumption of this approx-
imation is that (1) the membrane is very thin so that both
temperature and partial pressure vary linearly across the membrane,
and (2) the evaporation and condensation occurs at the average
temperature of feed and permeate streams in the middle of a
membrane pore. The second assumption is valid only for a low
temperature gradient of low feed temperature. The subsequent
phase transformation intervened by pore migration was system-
atically studied using the two-interface model [22], which indicates
that the vapor flux does not solely depend on the (length-averaged)
temperature difference between the hot-feed and cold-permeate
streams, but individually on the feed or permeate temperature.

Heat transfer: We assume that the heat transfer across the
membrane is predominant in the radial direction and therefore its
magnitude is

qmbr ¼ �κmbr
∂Tmbr

∂r
þHJw ð29Þ

where κmbr and H are the thermal conductivity of the porous
membrane and the effective molar enthalpy, respectively. The
vapor flux through membrane pores is represented using Fick0s
law [22]:

Jw ¼ �ε
τ
Deff ðTÞ

∂nw

∂r
ð30Þ

where τ is the diffusive tortuosity of the membrane pore structure, nw
is the molar concentration of water vapor in pore spaces [mol/m3],
and Deff ðTÞ is the effective diffusion coefficient as a combination of
Brownian and Knudsen diffusion using Bosanquet0s relationship [45]:

1
Deff ðTÞ

¼ 1
DBðTÞ

þ 1
DK ðTÞ

ð31Þ

The Brownian diffusivity of water vapor was empirically correlated
with the temperature:

DBðm2=sÞ ¼ BT1þα ð32Þ
where α¼ 1:072 and B¼ 1:895� 10�5=PT ðPaÞ. Within pore spaces,
the total pressure PT is often assumed to be 1 atm. The Knudsen
diffusivity of the water vapor through a pore of radius dp is

DK ¼ K
ffiffiffi
T

p
ð33Þ

where K ¼ 1
3dp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8R=πMw

p
and R andMw are the universal gas constant

and the molecular weight of water, respectively. The diffusive tortu-
osity is defined as the ratio of the total length of a curved path that
molecules should diffuse through the straight length between starting
and ending points. Several models were suggested by Weissberg [46],
Tsai and Strieder [47], Beeckman [48], Iversen and Jorgensen [49], and
Delgado [50]. A critical review on the tortuosity representations as
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related to hydraulic, electrical, and diffusional properties can be found
elsewhere [51]. In Beekman0s work, an analytical approach was used
to model the nature of highly interconnected pores:

τ¼ ε
1�ð1�εÞ1=3

ð34Þ

which is chosen in the current study for membranes of high porosity.
The diffusive tortuosity of MD membranes is reported as typically
about 2.0 at high porosities [52]. Eq. (34) calculates the diffusive
tortuosities of 2.28, 2.12, and 1.92 for porosity of 0.6, 0.7, and
0.8 respectively, which in our opinion best mimics tortuous structural
properties of MD membranes. Heat transfer occurs through both solid
membrane matrix and gas phase within pores, of which thermal
conductivities are κs and κg , respectively. κs of commercially available
membranes ranges from 0.1 to 0.3W/m K, and the gas phase consists
of stationary air and water-vapor molecules. The membrane thermal
conductivity κmbr is therefore a function of κs, κg , and ε. The isostrain
model assumes heat transfer in serial:

κmbr ¼ εκgþð1�εÞκs ð35Þ
and the isostress model indicates parallel heat transfer:

1
κmbr

¼ ε
κg

þ1�ε
κs

ð36Þ

Phattaranawik et al. [53] reported that the isostress model equation
(36) is better than the isostrain model to explain experimental
observation using reported data. García-Payo and Izquierdo-Gil [54]
recommended Maxwell0s fundamental model [55] for effective ther-
mal conductivity of a solid–gas mixture when porosity is higher than
0.6:

κmbr ¼ κg
1þ2βκð1�εÞ
1�βκð1�εÞ ð37Þ

where βκ ¼ ðκs�κgÞ=ðκsþ2κgÞ. The thermal conductivities of several
membrane matrices are listed in Table 1, indicating that κs gradually
increases with temperature. Thermal conductivity values (κmbr) of
PVDF and PTFE were measured between 0.027 and 0.041W/mK [56],
which fitted well using κs values at 296 K [53], i.e., 0.18 and 0.25W/
m K for PVDF and PTFE, respectively, with κg ¼ 0:028 W=m K for air–
vapor mixture. By a series of tests, we found that κsðT ¼ 348 KÞ values
of Table 1 noticeably overestimate the membrane thermal conductiv-
ity and underpredict the vapor flux. Therefore, we assume that κs is
approximately constant over the temperature range of DCMD opera-
tion, and use the above-mentioned values at 296 K. Within pore
spaces, the gas phase is a mixture of dry air and water vapor. Water
vapor must be saturated at feed/permeate–membrane interfaces (with
the relative humidity of 100%). Then, the concentration of the
saturated vapor can be calculated using the Clausius–Clapeyron
equation and the ideal gas law. Tsilingiris [57] provided a correlation
of thermal conductivity of saturated humid air with respect to
temperature:

κg ¼ K0þK1TCþK2T
2
CþK3T

3
CþK4T

4
C ½W=m K� ð38Þ

where K0 ¼ 2:40073953� 10�2, K1 ¼ 7:278410162� 10�5, K2 ¼
�1:788037411� 10�20, K3 ¼ �1:351703529� 10�9, K4 ¼
�3:322412767� 10�11, and TC ¼ T�273:15 K. Substitution of κs

values from Table 1 and κg of Eq. (38) into Eq. (37) gives thermal
conductivities of PTFE, PVDF, and PP membranes with respect to
temperature, as shown in Fig. 3. All thermal conductivities increase
linearly from low temperatures and reach their maxima near 70–
80 1C. κg with 100% relative humidity culminates near 73 1C [57],
which causes the decreasing trend of the thermal conductivity of
porous membranes at high temperatures. In Fig. 3, lowered κmbr of
PTFE for TZ80 1C is primarily ascribed to its higher porosity as
compared to those of PVDF and PP. High porosity not only increases
the permeate flux by providing more void spaces for vapor molecules
to diffuse through but also decreases the membrane conductivity by
reducing the fraction of the solid membrane matrix. In addition, the
effective molar enthalpy carried by the diffusing vapor molecules is
rewritten as [22]

H ¼H0�cpT ð39Þ
where H0 ¼ 24:527 kJ=mol and cp ¼ 5:2434� 10�2 kJ=mol K. (See
Appendix for details.)

In this membrane region of the steady state, heat and mass are
neither created nor annihilated so that ∇ � qmbr ¼ 0 and ∇ � Jw ¼ 0,
which are in scalar forms

1
r
∂
∂r
ðrqmbrÞ ¼ 0 and

1
r
∂
∂r
ðrJwÞ ¼ 0 ð40Þ

respectively. From Eq. (40), we define

Sq ¼ r qmbr ð41Þ

Fw ¼ r Jw ð42Þ
which are constants with respect to r. Sq and Fw, are interpreted as
mass and heat transfer rates per unit membrane length, having
units of [Watt/m] and [mol/m s], respectively. In FS-DCMD
operations, mass and heat transfer rates in the transverse direction
per unit membrane area are constant and determine the MD
performance. In HF–DCMD, the transfer rates per unit membrane
length (instead of surface area) must be more reasonable
to use because of the geometrical characteristics of the bored
cylindrical fiber. We substitute Eqs. (29) and (30) into (41) and (42)
to obtain

Sq ¼ � κmbrðTÞþHðTÞDeff ðTÞ
ε
τ
dnw

dT

� �
∂T

∂ ln r
ð43Þ

and

Fw ¼ �Deff ðTÞ
ε
τ
dnw

dT
∂T

∂ ln r
ð44Þ

where we replace ∂nw=∂T by dnw=dT because nw is a sole function
of temperature. At a given location ζ, both Eqs. (43) and (44) can

Table 1
Thermal conductivities (W/m K) of polytetrafluoroethylene (PTFE), polyvinylidene
fluoride (PVDF), and polypropylene (PP) at 296 K and 348 K. Data obtained from
Refs. [1,59,56].

Membrane type κs at 296 K κs at 348 K ε

PTFE 0.25 (�0.27) 0.29 0.90
PVDF 0.17 (�0.19) 0.21 0.75
PP 0.11 (�0.16) 0.20 0.70

Fig. 3. Variation of thermal conductivities (κmbr) of PTFE, PVDF, and PP with respect
to temperature (calculated using Eq. (37)), and that of air with 100% relative
humidity (of Eq. (38)). Membrane porosity values in Table 1 are used.
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be integrated such as

Sq ¼ 1

ln
b
a

� �Z Ta

Tb

κmbrðTÞþHðTÞDeff ðTÞ
ε
τ

dnw

dT

� �� 
dT ð45Þ

and

Fw ¼ 1

ln
b
a

� �Z Ta

Tb

Deff ðTÞ
ε
τ
dnw

dT
dT ð46Þ

respectively, where Ta ¼ T inrðη¼ 1; ζÞ and Tb ¼ Totrðχ ¼ 1; ζÞ are
temperatures at the lumen and shell surfaces, respectively. The
first and second terms of Eq. (45) represent conductive and
convective heat transfer across the HF membrane , respectively.
Due to the complex nature of effective diffusivity with respect to
temperature (Eq. (31)), Eqs. (45) and (46) are not analytically
integrable, but numerical integration is allowable because the
integrands are sole functions of T. Note that Sq and Fw are explicit
functions Ta and Tb that vary with ζ. Once Sq is finally calculated,
Tmbr can be calculated backward as a function of r=a and ζ using

ln
r
a

� �
¼ 1
Sq

Z Ta

Tmbr

κmbrðTÞþHðTÞDeff ðTÞ
ε
τ
dnw

dT

� �
dT ð47Þ

where Tmbr varies from Ta to Tb as r increases from a to b. The
average heat transfer rate from the shell to lumen surfaces along
the fiber is

ΔQmbr ¼ 2πL
Z 1

0
SqðζÞ dζ ¼ 2πL〈Sq〉 ð48Þ

When axial temperature variations are small, possibly due to fast
flow speeds, i.e., Ta � T lmn and Tb � Tshl, the theoretical maximum
limits are 〈Sq〉max ¼ SqðT lmn; TshlÞ and 〈Fw〉max ¼ FwðT lmn; TshlÞ. Then,
the following inequality holds

ΔQmbrr2πLSqðT lmn; TshlÞ ð49Þ

In addition, the amount of heat transferred per unit time from the
inlet to the outlet of the lumen and shell streams is

ΔQ lmn ¼ ρwcp

Z a

0
½T inrðr;0Þ�T inrðr; LÞ�uðrÞ2πr dr

¼ π
2
βlmnκlmnLΔT lmnIinr ð50Þ

and

ΔQ shl ¼ ρwcp

Z a

0
½Totrðr; LÞ�Totrðr;0Þ�vðrÞ2πr dr

¼ π
2
βshlκshlLΔTshlf ðsÞIotr ð51Þ

respectively, where Iinr and Iotr are dimensionless functions. (See
Appendix for full representations.)

Heat transfer coefficient and dimensionless number analysis:
Empirical correlations relate the (dimensionless) Nusselt number
(Nu) with Re and Pr to estimate the heat transfer coefficient (hf):

Nu¼ hf df
kf

¼ f ðRe;PrÞ ð52Þ

where kf is thermal conductivity of water and df is the representa-
tive length scale, chosen as the fiber diameter on the feed side.
Calculated hf (from Nu) is used to relate the heat transfer rate ΔQf

and the temperature change ΔTf at the feed–membrane interface:

ΔQf ¼ AmhfΔTf ¼ πLh†
fΔTf ð53Þ

where Amð ¼ πLdf Þ is the membrane area, and h†f ð ¼ hf df Þ is a
product of the conventional heat transfer coefficient and the

length scale. Equating Eqs. (48) and (53) gives

h†f ¼ hf df ¼
2〈Sq〉
ΔTf

ð54Þ

which has the same dimension of the thermal conductivity. A more
adequate form of Nu for the cylindrical geometry is suggested in
this paper as

Nu¼
h†f
kf

ð55Þ

which does not specifically include df. In Eq. (55), the dependence of
Nu on HICO and HOCI modes is implicitly included in 〈Sq〉, and h†f
must be insensitive to the feed temperature variation. This is
because 〈Sq〉 is monotonously proportional to ΔTf . Fig. 5 shows
similar trends of hf, h

†
f , and Nu with respect to Tshl having the

temperature and thermal conductivity of the permeate stream
fixed. Note that hf and h†f have different units, [kW/m2 K] and
[W/m K], respectively. As the shell temperature increases from 30 to
80 1C, the thermal conductivity of the hot feed water varies only
about 10% (0.615–0.667 [W/m K]) and h†f is about 10 times larger
than kf. Nu for the permeate stream can be calculated using the
same method. It would be worth developing a new empirical
correlation using a series of simulations, but it is beyond the scope
of the current paper.

2.4. Determination of unknown parameters

1. We presumed that the heat flux through the HF membrane is
dominant in the radial direction. In this case, local heat fluxes
qinr and qotr (Eqs. (14) and (27))) must depend on ζ in the same
manner. This provides

λlmn

βlmn
¼ λshl
βshl

ð56Þ

meaning that axial and radial couplings of temperature profiles
in the inner and outer channel are linearly correlated to each
other. If the variation of the inner temperature in the radial and
axial directions are decoupled, then λlmn converges to zero and
so does λshl.

2. By equating ΔQ inr ¼ΔQ lmn (Eqs. (15) and (50)), we obtain

B0 ¼ 1þ 7
96

λlmn

� ��1

ð57Þ

3. By equating ΔQotr ¼ΔQ shl (Eqs. (28) and (51)), we calculate

C5 ¼ gðsÞþλshlf ðsÞIotr;2ðsÞ ð58Þ

4. By equating ΔQmbr ¼ΔQ inr (Eqs. (49) and (15)), we obtain

ΔT lmn ¼
4Sq

κlmnβlmn
1þ 7

96
λlmn

� �
ð59Þ

5. By equating ΔQmbr ¼ΔQotr (Eqs. (49) and (28)), we calculate

ΔTshl ¼
4Sq

κshlβshl
1þλshl

f ðsÞIotr;2ðsÞ
gðsÞ �1

4
GðsÞ

� �� 	
ð60Þ

To completely solve this HF–DCMD problem, we need to deter-
mine six parameters: λlmn, λshl, B0, C5, ΔT lmn, and ΔTshl. Matching
the above conditions provides only 5 inter-relationships of
Eqs. (57)–(60). This is because for each lumen and shell stream,
only one inlet boundary condition of temperature is given, T lmn

and Tshl, respectively. The outlet temperature of each stream
or axial temperature gradient should be provided to predict the
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full temperature profile. Conversely, without knowing the lumen
temperature difference, ΔT lmn, between its inlet and outlet of its
outlet temperature T lmn�ΔT lmn, it is not possible to determine
all six unknown parameters. One should set T lmn and Tshl, and
experimentally measure ΔT lmn and ΔTshl to determine λlmn and
λshl. This approach of using experimental observation, however,
does not allow us to fully predict non-isothermal phenomena of
HF–DCMD for design purposes. We restrict ourselves to cases of
λlmn � λshl-0 and investigate the performance of HF–DCMD with
the fast feed/permeate steam flow not having any adjusting
parameters.

For a negligible λlmn and λshl, the inner and outer temperature
profiles are calculated from Eqs. (13) and (26)

T inrðη; ζÞ ¼ T lmn�ΔT lmn � ½ζþ
1
4
βlmnFðηÞ� ð61Þ

Totrðχ; ζÞ ¼ TshlþΔTshl � ½1�ζþ1
4
βshlHðχÞ� ð62Þ

and those on the lumen and shell surfaces are

TaðζÞ ¼ T lmn�ΔT lmn � ½ζþ
1
4
βlmnFð1Þ� ð63Þ

TbðζÞ ¼ TshlþΔTshl � ½1�ζþ1
4
βshlHð1Þ� ð64Þ

where

HðχÞ ¼ GðsÞ�GðχÞ
gðsÞ ð65Þ

In the above temperature profiles, the coupling constant λlmn and
λshl is limited to zero. However, if one sets λlmn ¼ λshl ¼ 0 and
solves the governing equations, then coupling is arbitrarily
dropped off and the axial dependence (with respect to ζ) would
not appear in Eqs. (61)–(64). (See Appendix for functional form of
GðχÞ and gðsÞ and other details.)

Note that ΔT lmn is the temperature difference along the lumen
center (r¼0) between the feed inlet and outlet; and ΔTshl is that
along the unit cell surface (r¼c). In Eqs. (61) and (62), these axial
temperature differences are calculated using Eqs. (59) and (60),
after setting λlmn ¼ λshl ¼ 0. In this zero coupling limit, the inner
and outer temperature profiles consist of linear combinations of
axial and radial functional forms, product terms of ζ and η (or χ)
do not exist. The length-averaged temperatures on the inner and
outer membrane surfaces are 〈Ta〉¼

R 1
0 TaðζÞ dζ and

〈Tb〉¼
R 1
0 TbðζÞ dζ, which can be simply obtained as T inrðζ ¼ 1

2 Þ
and Totrðζ ¼ 1

2 Þ, respectively. Heat transfer rates in the inner and
outer channels are simplified as

ΔQ inr ¼
π
2
κlmnLΔT lmnβlmn ð66Þ

and

ΔQotr ¼
π
2
κshlLΔTshlβshl ð67Þ

which are monotonously proportional to the membrane length L.
Deviation from the linear relationship between the heat transfer
rate and the membrane length is due to the gradually decreasing
trend of Sq with respect to L. (See next section for details.) Note
that Eq. (67) indicates that the heat transfer rate of the shell
stream ΔQotr [W] is controlled by βshl (of Eq. (24)) varying with s
or packing fraction ϕ. When the mean fluid velocity is fixed in the
outer region, a large inter-fiber space (proportional to s) will
provide higher volumetric flow rate of available heat to be
transferred and hence reduce the axial temperature polarization.
Each mean surface temperature (i.e., 〈Ta〉 and 〈Tb〉) is proportional
to ΔT and βΔT; ΔT is controlled by thermal, fluid dynamic, and
geometrical characteristics, but βΔT by only thermal properties of
the membrane and fluid streams.

Iterative solution procedure: The final solutions for the five
unknown parameters can be obtained using simple iterative proce-
dures as follows, after calculating βlmn and βshl using Eqs. (12) and
(24), respectively.

1. Calculate Sq using Eq. (45) with TaðζÞ ¼ T lmnðζÞ and Tb ¼ Tshl,
and calculate 〈Sq〉¼ 〈Sq〉max.

2. Use 〈Sq〉 to calculate ΔT lmn and ΔTshl using Eqs. (59) and (60),
respectively.

3. Calculate T inr and Totr of Eqs. (61) and (62), respectively.
4. Update TaðζÞ and TbðζÞ, of Eqs. (63) and (64), respectively.
5. Update Sq and Fw and calculate 〈Sq〉 and 〈Fw〉.
6. Go back to Step 3 until both 〈Sq〉 and 〈Fw〉 converge within a

tolerable error of 10�6.
7. Calculate Tmbr as a function of r/a and ζ, using Eq. (47).

A graphical user interface of this simulation code is under develop-
ment and will be available as open source software.

3. Results and discussions

3.1. Comparison to experiments (in the literature) and further
analysis

Mean vapor and heat fluxes with temperatures: Fig. 4 shows the
comparison between the current theory and Wang et al.0s [58]
experiments. In counter-current flow mode, hot streams of various
temperatures enter the shell side (i.e., outer region) and a cold
stream of 17.5 1C flows into the lumen region. The permeate flux is
calculated using the external radius b such as Jw ¼ Fw=b as shown
in Fig. 4(a). Note that Fw is radially invariant. Therefore, calculation
of flux by dividing Fw by the inner or outer radius should be
consistent to calculate the permeate flux. A convention is to make
use of the radius of the HF surface facing the hot feed stream. The
current theory without any fitting parameters slightly under-
estimates Wang et al. [58]0s experimental measurements with
the overall error of 25.476.1%. This difference can be explained by
estimating the fiber number and spatial packing configuration.
In Wang et al. [58]0s work, the total membrane surface area of a HF
bundle is reported as 150 cm2, which allows us to calculate the
fiber number (about 30) by dividing the total surface area by the
shell surface area of each fiber (2πbL¼ 5:09 cm2). Since 30 fibers
can be organized between 5-by-5 and 6-by-6 square arrays, at
least half of the 30 fibers must be located close to the vessel wall,
where the temperature polarization must be radially asymmetric
and somewhat less than those in the central region. The current
theory presumes the number of fibers is large enough to discard
edge effects on flow field and temperature polarization near the
vessel wall. As the model presumes an identical temperature
profile per fiber, we think that difference between the theory
and the experiment in Fig. 4 is primarily ascribed to the small
number of fibers (Nfbr ¼ 30) used in Wang et al.0s [58] experi-
mental setup. The relative error decreases with the shell tempera-
ture (of the hot feed) from 32.4% at 33.3 1C to 17.0% at 79.3 1C. The
current theory predicts experimentally observed vapor fluxes
better at higher feed temperatures. This indicates that the edge
effect is less significant for high transmembrane temperature
gradients. A dense HF packing in a large vessel can promote more
homogeneous production of distilled water among fibers. If the
thermal conductivity of the vessel is low enough (as shown in
Fig. 3), a small number of fibers (of several tens) in a smaller vessel
may enhance the permeate flux per fiber. The geometrical hetero-
geneities of flow field as well as temperature distribution can
form on the plane perpendicular to fibers. With the same packing
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density, a smaller vessel (in terms of Rvsl) has a higher fraction of
packed fibers adjacent to the vessel surface. These fibers may
distill the hot feed water more efficiently than ones near the
central region. The permeate flux non-linearly increases with hot-
feed temperature, which mimics the vapor pressure profile versus
temperature. (See Fig. A2(a) of Kim [22].)

Calculated heat flux, 〈Sq〉=b, shown in Fig. 4(b) has a quasi-linear
trend in awide range of feed temperature. The sum of the conductive
and convective heat flux gives the total heat flux across the
membrane. As expected, the conductive heat flux is dominant, being
linearly proportional to the feed temperature. Trends of the vapor
flux and convective heat flux look similar because they are inter-
correlated with each other as a function of vapor concentration nw.

However, the smaller magnitude of the heat convection does not
significantly change the linearity of the total heat flux versus
temperature. The total heat flux is simply proportional to the
temperature gradient across the HF membrane, but the mass flux
depends on the temperature gradient as well as the absolute
temperature of the hot-feed stream. The porous nature of the
membrane allows water evaporation followed by the convective
heat transfer through void pores, which is roughly 20% of the
conductive heat transfer through the solid–gas mixture of the
membrane region. This small fraction allows us to treat the mass
and convective heat transfer as a consequence of temperature
gradient. In the extreme limit of κs-0, the effective membrane
thermal conductivity will be close to that of saturated vapor κg ,
which is smaller than κmbr for finite κs. The theoretical minimum of
heat flux can be estimated by replacing κmbr of specific membrane
material by κg of the stationary, saturated water vapor. This is
because κmbr represents effective heat conduction through the solid
membrane and gas molecules in the pore. Because water vapor
molecules diffuse from a higher to a lower concentration region by
consecutive random collisions, this migration also contributes to the
heat transfer from the feed-membrane to permeate–membrane
interfaces. These three heat transfer mechanisms are readily included
in the representation of Sq of Eq. (45).

Temperature distribution: Fig. 6 shows a temperature profile in the
lumen, membrane, and shell regions of the PVDF membrane with the
largest inlet temperature difference between shell and lumen:
61:8 1Cð ¼ 79:3–17:5 1CÞ. The same parameters in Fig. 4 are used
[58]. The cold stream of 17.5 1C enters at the center (r¼0) of the
lumen inlet (z¼0) and leaves at the outlet (z¼L): the hot stream
enters on the cell surface (r¼c) of the shell inlet (z¼L) and leaves at
the outlet (z¼0). The gradual variation of the membrane temperature
is visually shown in the axial direction. The actual ratio of the fiber
length to its outer radius is very large: 0:2 m=ð0:41� 10�3 mÞ ¼ 487.
The axial heat transfer within the porous membrane is negligible, and

Fig. 5. Plots of Nusselt number Nu (–), heat transfer coefficient hf (kW/m2 K), and
h†
f (W/m K) defined in Eq. (54) for HF modules with respect to the shell (feed)

temperatures. The thermal conductivity of hot feed water varies from 0.615 to
0.667 (W/m K) with the variation of Tshl; and that of cold permeate is fixed at 0.593
(W/m K) at 17.5 1C.

Fig. 4. (a) Permeate flux (Fw=b) comparison and (b) heat flux (Sq=b) prediction between experimental observation by Wang et al. [58] and the current model of PVDF hollow
fiber membrane at lumen inlet temperature of 17.5 1C. The shell (outer) side inlet temperature varies from 30 1C to 80 1C. Conditions used are 〈u〉¼ 0:8 m=s, 〈v〉¼ 1:6 m=s,
a¼ 0:3 mm, b¼ 0:41 mm, ε¼ 0:738, dp ¼ 0:17 μm, L¼ 0:2 m, ϕ¼ 0:48, and Nfbr � 30. The thermal conductivity of PVDF membrane matrix is determined using
κPVDF ¼ 0:18 ðW=m KÞ [53], and the cell radius is calculated as c¼ b=

ffiffiffiffi
ϕ

p ¼ 0:59 mm. The overall error between the experimental data and theoretical results of the permeate
flux is 25.476.1% with maximum of 32.4% at the lowest temperature 30.33 1C and minimum of 17.0% at the highest temperature 79.30 1C.
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therefore the radial temperature gradient primarily controls the heat
and mass transfer across the membrane. As stated above, the volume
ratio in the shell to lumen is πðc2�b2Þ=πa2 ¼ 2:0; and the average
flow speed of the shell side (1.6 m/s) is twice that of the lumen side
(0.8 m/s). The ratio of the shell-to-lumen volumetric flow rate is
therefore Ushl=Ulmn ¼ 4:0. Although the distance between the shell
and cell surfaces, c�b¼ 0:182 mm, is shorter than the lumen radius,
a¼ 0:3 mm, the higher volumetric flow rate provides a larger amount
of heat entered at z¼L per time in the shell side. This fast shell flow
effectively reduces the temperature variation along the longitudinal

direction. Because the color plot of Fig. 6 only provides an overall
temperature distribution at a cut-surface in the r–z plane with the
azimuthal symmetry, the temperature profiles at specific points and
boundaries need to be shown to scrutinize the local HF–DCMD
performance as follows.

Axial and radial temperature profile: Fig. 7 shows temperature
profiles at four cross sections, where r¼0, a, b and c. In Fig. 7(a), solid
and dashed lines indicate the radial temperature profiles with respect
to r at z¼L and z¼0, respectively. Note that these two lines are very
close to each other in the membrane region (0:3 mmoro0:41 mm).

Fig. 6. Temperature profile of PVDF membrane using parameters in Fig. 4. The lumen and shell sides have inlet temperatures of 17.5 1C (bottom-left) and 79.3 1C (top-right),
which are the minimum and maximum values of the color bar, respectively; and the cell radius is calculated as c¼ 0:592 mm for packing fraction ϕ¼ 0:48. Two solid lines,
r¼ 0:3 mm and 0.41 mm indicate the lumen and shell boundaries of the HF membrane. Other parameters are the same as ones used in Fig. 4. (For interpretation of the
references to color in this figure caption, the reader is referred to the web version of this paper.)

Fig. 7. Temperature profiles of (a) along the radial direction at z¼0 and z¼L and (b) along the axial direction at r¼0, a, b, and c, where ΔTa ¼ 5:242 1C is the axial
temperature difference on the lumen surface and ΔTb ¼ 3:543 1C is that on the shell surface (in magnitude).
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On the lumen surface, the inner temperature increases from its inlet
(z¼0) to outlet (z¼L) by as much asΔTað ¼ 5:24 1CÞ; and on the shell
surface, the outer temperature decreases along the shell stream
direction (from z¼L to 0) as much as ΔTbð ¼ 3:54 1CÞ. These axial
temperature variations are less than 10% of the input temperature
difference between the shell and lumen sides, i.e., 61.8 1C. The effective
thermal conductivity of the porous membrane is about one order
smaller than those of the hot and cold streams. At room temperature,
the water thermal conductivity is 0.60W/m K and κmbr is about
0:02–0:05 W=m K (see Fig. 3). As a consequence, the steep tempera-
ture gradient is maintained across the membrane of thickness
0:11 μm. Because the shell side has the larger volume and the faster
flow rate, the longitudinal temperature variation is less than that of
the lumen side: ΔTbð3:54 1CÞoΔTað5:24 1CÞ. At the feed inlet (z¼L),
the temperature increases from 22.5 1C of the lumen center to 32.0 1C
of the lumen surface ; and from the cell to shell surfaces, the outer
temperature decreases from 79.5 1C to 77.5 1C. These differences are
similar to those at the permeate inlet (z¼0), as indicated by the
dashed line in Fig. 6(a). The higher volumetric flow rate of the shell
side effectively compensates for the amount of heat lost as much as
the latent heat used for water evaporation plus membrane heat
conduction, and so maintains the low temperature polarization along
the flow direction.

Fig. 7(b) shows the linear temperature profile in the z-direction as
indicated in Eqs. (61) and (62). The slope of lumen temperatures
(lower two) is steeper than that of the shell temperatures (upper
two). But, the difference between surface temperatures, TaðζÞ�TbðζÞ,
does not change significantly in the z-direction, as ascribed to the
counter-current flow scheme. In practice, this pseudo-invariance of
transmembrane temperature gradient along the longitudinal direc-
tion can maintain stable, long-term operations. If the radial tempera-
ture gradient, however, noticeably changes, so does the magnitude of
the vapor flux along the membrane length. A longer fiber cannot
assure a larger amount of volume distilled. If the hollow fiber is
unnecessarily long or stream flows are too slow, there must exist local
equilibrium points or regions, where the membrane surface area is
not fully utilized, because the transmembrane temperature gradient
reaches zero in the middle of the HF membrane.

Local vapor and heat transfer profiles: Fig. 8 shows how FwðzÞ and
SqðzÞ vary in the axial direction with shell (feed) temperatures from
30.33 to 79.30 1C: all other conditions are the same as those used in
Fig. 4. Both Fw and Sq of Fig. 8(a) and (b), respectively, show plateau
trends for the wide range of the feed temperature. Only a few
noticeable exceptions are Fw0s at high Tshl values. Numerical values
from a series of simulations indicate that Fw and Sq are qualitatively
counter-balanced: Fw increases in the axial direction as Sq decreases.
For example, at Tshl ¼ 79:3 1C, Fw increases from 0.206 to 0.235 mmol/
m s, as Sq slightly decreases from 7.882 to 7.848W/m K along the
z-direction. The highest Fwð ¼ 0:235 W=m KÞ is at the position of the
hot feed-inlet (z¼L), having the highest concentration gradient.
Because the transmembrane temperature gradient is kept pseudo-
constant along the fiber, as shown in 7(b), variation of Sq in Fig. 8(b) is
very small and barely noticed. The counter-current flow regime with
fast flow speed (more or less 1.0 m/s) generates constant heat flux
along the fiber, and hence induces the quasi-linear profiles of T and Fw
as shown in Figs. 7(b) and 8(a), respectively. Given a transmembrane
temperature gradient, a higher feed temperature generates a higher
concentration and gradient of vapor molecules in the inter-pore
gaseous phase. Note that the partial pressure of (saturated) vapor
molecules is interpreted as the vapor concentration, which drastically
increases with temperature. As discussed in Fig. 4, Fw depends on the
transmembrane temperature gradient as well as the feed temperature;
and Sq is solely proportional to the temperature gradient.

3.2. Theoretical analysis

3.2.1. Effect of membrane thickness
Fig. 9 shows the effect of membrane thickness on 〈Fw〉 and 〈Sq〉. The

inner radius a changes from 0.3 mm to 0.8 mmwith 0.1 mm intervals.
For each a, thicknesses increase from 0.1 mm to 0.4 mm. For a given
lumen radius, Fw decreases as the thickness increases, which was
readily expected. A thicker membrane, having a longer perimeter,
provides higher resistance to both the mass and the heat transfer.
Vapor molecules should migrate longer distances to pass through the
void spaces across the membrane. In the same sense, a thicker
membrane gives lower transmembrane temperature gradients so that

Fig. 8. Axial profiles of FwðzÞ and SqðzÞ with respect to the shell inlet temperature Tshl at the fixed lumen inlet temperature T lmn ¼ 17:5 1C.
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〈Sq〉 decreases as the membrane thickness increases. As the mass
transfer is coupled with the heat transfer, 〈Jw〉 decreases not only
because vapor molecules diffuse longer distances, but also the
temperature gradient, i.e., the driving force, decreases. Log–log plots
of Fw and Sq show linear trends, which indicate they follow a power
law with respect to the membrane thickness, i.e., Fw and Sqpδ�ω

m . For
the six cases of the inner radius a, mean ω values for Fw and Sq are
calculated as �0.667 and �0.636, respectively, which are close to �2

3.
The coefficient of determination R2 values is higher than 99.99% for all
cases. Average ω values are close to �2

3. As the inner radius a
increases, having the same thickness, mass and heat transfer per unit
membrane length increases due to larger surface areas available.
Geometrically, the curvature effect of inner and outer peripherals
becomes less significant.

3.2.2. Effects of lumen and shell stream speeds
Fig. 10 shows 3D graphs of 〈Fw〉 and 〈Sq〉 in HICO and HOCI

modes as influenced by mean flow speeds, 〈u〉 and 〈v〉, each varying
from 0.4 m/s to 1.6 m/s with 0.2 m/s intervals. It is apparent that
both mass and heat transfer increase with 〈u〉 and 〈v〉 for the wide
range from 0.4 m/s to 1.6 m/s. Fig. 10(a) and (b) show how 〈Fw〉
varies with stream speeds in HICO and HOCI modes, respectively.
The HICO mode gives lower mass flux than that of HOCI mode.
This is readily expected because the HOCI mode has a feed flow
rate much higher than that of the cold permeate in the lumen
channel. The membrane thickness and the inner radius are of the
same order of magnitude, Oð0:1Þmm so that the shell-to-lumen
volume ratio cannot be easily reduced below 2.0. In addition, the
shell surface has a larger membrane area (than the lumen surface)
for water molecules to evaporate. This is because the vapor flux is
proportional to the radial gradient of vapor concentration, and
proportional to the hot feed temperature. Maintaining a high
temperature at the shell surface can steadily generate a high vapor
concentration. The axial temperature decrease on the shell surface
is ascribed to the heat through solid–gas mixture in the membrane

and latent heat consumed for water evaporation. This heat transfer
across the membrane can be reduced by increasing lumen or shell
flow speed to diminish the radial temperature polarization. In
HICO mode, increasing shell flow speed 〈v〉 makes only minimal
variation in 〈Fw〉; instead, the lumen flow speed 〈u〉 significantly
increases 〈Fw〉 as it varies from 0.4 to 1.6 m/s. In this case, one can
effectively control heat transfer from the confined lumen to the
inter-fiber shell spaces by increasing the lumen flow rate. Inter-
estingly, this trend of the mass flux occurs in an opposite way in
HOCI mode, in which 〈Fw〉 changes more with respect to shell
speed 〈v〉 than lumen speed 〈u〉. As the hot feed flows faster, it
reduces the temperature polarization in the transverse as well as
longitudinal direction, and makes the mass flux pseudo-constant
along the length of the fiber as shown in Fig. 8(a). Increasing 〈u〉
does not contribute too much to enhancing the mass flux because
the narrow lumen space cannot effectively mitigate the radial
temperature gradient unless 〈u〉b〈v〉. Comparing the mass transfer
in the two operational modes with respect to 〈u〉 and 〈v〉, one can
conclude that 〈Fw〉 is primarily controlled by the hot feed speed,
i.e., 〈u〉 of HICO and 〈v〉 of HOCI modes, being only minimally
influenced by the variation of the cold stream speed.

The variation of 〈Sq〉 in both modes is similar as shown in 10
(c) and (d). Interestingly, the heat transfer increases more with the
lumen flow speed 〈u〉 than the shell-side velocity regardless of the
operation mode. This is mainly because the shell volume is twice
the lumen volume with the packing fraction ϕ¼ 0:48. Having
〈u〉¼ 〈v〉 indicates that twice the water volume passes in the shell
channel with 〈v〉 than that in the lumen channel. As the heat
transferred is the temperature difference times the flow rate, the
larger shell volume makes 〈Sq〉 less sensitive to shell flow speed 〈v〉,
but more influenced by the lumen flow speed 〈u〉 as a limiting
factor. In general, the shell space is larger than the lumen space
per fiber unless the fiber packing fraction is high enough to make
close contact between adjacent fibers. Therefore, temperature
variation in the lumen space must be higher than that of the shell
space. Fundamentally we observed that flow speeds, 〈u〉 and 〈v〉,

Fig. 9. Effects of membrane thickness δm on Fw and Sq . Mean slopes of Fw and Sq are �0:667270:0170 and �0:635670:0092, respectively. In every case, the coefficient of
determination R2 exceeds 99.99%.
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control Fw; and flow rates, Ulmn and Ushl, control Sq. More
specifically, the hot feed speed and lumen flow rate are primary
control factors for 〈Fw〉 and 〈Sq〉, respectively. Since the shell space
can provide a larger volume that can effectively reduce the
temperature polarization, the HOCI mode provides higher vapor
and heat transfer rate. Using these results, HF–DCMD operation
can be designed with the fast hot-out and slow cold-in mode to
maximize the vapor transfer rate and to minimize heat loss rate. A
mesh surface of Fig. 10(a) is below that of Fig. 10(b). In this light,
Wang et al.0s [58] experimental setting of 〈u〉¼ 0:8 m=s and
〈v〉¼ 1:6 m=s is very optimally chosen because flow speeds are
fast on an absolute scale, and more importantly the shell speed is
faster than the lumen speed. Increasing the hot feed speed
requires larger entering volume of hot temperature per time so
that the energy input rate must increase. In this case, overall
energy efficiency can be enhanced by connecting several HF–
DCMD modules in series and/or partially recycling the exit feed
stream back to the feed reservoir.

3.2.3. Effects of membrane length
Fig. 11 indicates how the mass and heat transfer changes with

membrane length. The cross-section average flow speeds in the
lumen and shell sides are set to be equal to each other, 〈u〉¼ 〈v〉,
and used as controlling variables. Trends of 〈Fw〉 and 〈Sq〉 with
respect to the flow speed and membrane length are similar as
shown in Fig. 11 (a) and (b), respectively. For a short membrane
length of 0.2 m, 〈Fw〉 and 〈Sq〉 increase rapidly when flow speeds
increase from 0.4 m/s and gradually reach asymptotic limits
for the speeds faster than � 1:0 m=s. For a given flow speed, if
the membrane length exceeds its theoretical maximum, Lmax, then
thermodynamic equilibrium occurs, providing a zero transmem-
brane temperature gradient in the middle of the HF membrane.
That is the reason why data points of 〈Fw〉 and 〈Sq〉 do not exist for

slow stream speeds and long HF membrane lengths in Fig. 11.
When the stream speed is 1.6 m/s, 〈Fw〉 and 〈Sq〉 decrease
(much) gradually with respect to the fiber length in comparison
to those of the slow speeds. Fig. 11 visually indicates that, not to
reach the thermodynamic limit, stream speeds should be faster for
longer HF membranes and higher transmembrane temperature
gradients.

3.2.4. Theoretical maximum length
If the fiber is too long, the axial temperature polarization

significantly reduces the vapor transport and there must be a
local region where the transmembrane temperature difference
vanishes between the lumen and shell sides. A condition to avoid
this local thermal equilibrium is Ta4Tb for the HICO mode, and
TaoTb for the HOCI mode anywhere along the fiber. Here, we use
a strict condition for the HICO mode: minðTaÞ4maxðTbÞ, which is
equivalent to

Taðζ ¼ 1Þ4Tbðζ ¼ 0Þ ð68Þ
On the lumen surface of the HOCI mode, the temperature is lowest
at the outlet (ζ ¼ 1) of the cold stream; and on the shell surface,
temperature is the highest at the inlet (ζ ¼ 0) of the hot stream.
Similarly for the HOCI mode, the restricted condition to avoid the
local thermal equilibrium is maxðTaÞominðTbÞ, equivalent to
Taðζ ¼ 1ÞoTbðζ ¼ 0Þ ð69Þ
which is simply the opposite of Eq. (68). Substitution of Eqs. (63)
and (64) into (68) gives, using Eqs. (59) and (60), the theoretical
maximum fiber length for both HICO and HOCI modes:

Lmax ¼
ðT lmn�TshlÞ=〈Sq〉�½Fð1Þ=κlmnþHð1Þ=κshl�

4½1=ðκlmn
~β lmnÞþ1=ðκshl ~βshlÞ�

ð70Þ

where ~β lmn ¼ βlmnL and ~βshl ¼ βshlL (from Eqs. (12) and (24),
respectively) are independent of L. If the real membrane length

Fig. 10. Effects of flow speeds on 〈Fw〉 ((a) and (b)) and 〈Sq〉 ((c) and (d)) in HICO and HOCI modes. All other conditions are the same as those in Fig. 4.
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is shorter than Lmax calculated using Eq. (70), then there exist
locations, where temperatures at the lumen and shell surfaces are
equal to each other so that membranes are not fully utilized for
water evaporation. Note that κlmn and κshl are water thermal
conductivities at the lumen and shell inlet temperatures; and
〈Sq〉 varies monotonously with T lmn and Tshl. In Eq. (70), the
numerator includes effects of shell and lumen temperatures and
packing fraction (because Hð1Þ varies with s); and the denomi-
nator includes fluid mechanical and geometrical characteristics:
i.e., κlmn

~β lmnp 〈u〉a2 and κshl ~βshlp 〈v〉b2. Rigorous estimation of
Lmax requires another iteration procedure to calculate 〈Sq〉 accu-
rately: instead, we replace it by 〈Sq〉max ¼ SqðT lmn; TshlÞ, which may
underestimate the real Lmax in Eq. (70).

Fig. 12 shows how Lmax changes with respect to the lumen and
shell temperatures, indicating similar trends in HICO and HOCI
modes. For a given cold permeate temperature, i.e., Tshl in HICO
and T lmn in HOCI modes, as the hot feed temperature increases,
Lmax decreases. Since the heat transfer is quasi-linearly propor-
tional to the transmembrane temperature difference, a higher feed
temperature enhances the transmembrane heat flux so that a
shorter fiber is required to avoid the local thermal equilibrium.
Conversely, a long membrane can be fully utilized when the
transmembrane temperature difference is small. By closely scru-
tinizing Fig. 12(a) and (b), one can notice that Lmax of HICO mode is
generally longer than that of HOCI mode. This is again because that
the HOCI mode has a volumetric flow rate that is several times
faster, which maintains the transmembrane temperature gradient
higher than that of HICO mode.

Fig. 13 shows how the flow speed controls the theoretical
maximum length in HICO and HOCI modes. Similar to Fig. 12, Lmax

of HICO is slightly longer than that of HOCI mode. When the lumen
speed 〈u〉 is low, Lmax is very short (o0:2 m) and almost indepen-
dent of the shell speed 〈v〉. The heat transfer is limited by the
lumen flow rate. Similarly, when the shell speed 〈v〉 is slow, an
increase in the lumen speed from 0.2 to 1.6 m/s only doubles the
maximum length from � 0:2 m to � 0:4 m in both operational
modes. For a fast shell speed 〈v〉, Lmax monotonously increases with
the lumen speed 〈u〉: on the other hand, for a fast lumen speed 〈u〉,
Lmax increases rapidly with slow 〈v〉 and gradually with fast 〈v〉.
This asymmetric trend of Lmax with respect to 〈u〉 and 〈v〉 is
ascribed to the fact that the heat transfer is more sensitively
controlled by the volumetric flow rate instead of the flow speed.

3.2.5. Effect of membrane materials and temperature difference
Finally, we investigated effects of membrane materials on mass

and heat transfer. Three materials listed in Table 1 are used. Each
material is solely characterized using solid thermal conductivity κs
and porosity ε. The inner/outer radii and pore radius are set to be
common, as used in Fig. 4. In practice, it is not easy to prepare HF
membranes using different polymer materials with the same
geometrical characteristics; however, these comparative simula-
tions may provide fundamental insight on how the solid thermal
conductivity and membrane porosity influence the mass and heat
transfer, while keeping other physical properties arbitrarily the
same. Fig. 14 shows 〈Fw〉 and 〈Sq〉 with respect to the hot feed

Fig. 11. Effects of membrane length L and flow speeds 〈u〉¼ 〈v〉 on (a) 〈Fw〉 and (b) 〈Sq〉.

Fig. 12. Effects of temperatures on theoretical maximum length of hollow fiber in (a) HICO and (b) HOCI modes with 〈u〉¼ 0:8 m=s and 〈v〉¼ 1:6 m=s.
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temperature in the shell side ranging from 30 to 80 1C with the
fixed (cold) lumen temperature of 17.5 1C. For mass transport, the
descending order of 〈Fw〉 is PTFE, PVDF, and PP, which is the same
order in terms of their porosities, listed in Table 1. Interestingly,
〈Sq〉 plotted in Fig. 14(b) does not follow the order of ε or κs but
that of κmbr shown in Fig. 3. Note that PVDF and PP have similar
values of κs and ε, which are both lower than those of PTFE. Fig. 14
indicates an important criteria of membrane preparation that a
higher porosity of a DCMD membrane can supersede the perfor-
mance of a higher thermal conductivity of membrane matrix.
Although a higher κmbr reduces the temperature gradient between
the lumen and shell sides, if the membrane has high porosity, the
heat transfer is more ascribed to the vapor-induced convection
through sparser and so less tortuous pore paths than the thermal
conduction. PVDF has slightly higher κs and ε in comparison to
those of PP as shown in Fig. 3. Due to the similar porosities of PVDF
and PP, κmbr of PVDF is higher than that of PP. As a consequence,
〈Fw〉 and 〈Sq〉 of PVDF are higher than those of PP for the wide

range of hot-feed temperatures. Although κs of PTFE is (much)
higher than those of PVDF and PP, the high porosity of PTFE (i.e.,
0.9) makes the membrane thermally least conductive. The high
PTFE porosity reduces the heat transfer rate and noticeably
increases the mass transfer rate. In Fig. 14, PTFE shows the highest
mass transfer and lowest heat transfer rates.

4. Concluding remarks

The multi-physical phenomena of HF–DCMD is semi-analytically
solved for combined transfer of momentum, heat, and mass, as
restricted to densely packed fibers with fast stream speeds. The
perturbation theory with the method of separation of variables is
used to analytically solve for the temperature profiles in the lumen,
membrane and shell regions, and mass flux through the porous
membrane. Heat transfer consists of conduction through the porous
membrane as a solid–gas mixture and convection by vapor

Fig. 13. Effects of flow speeds on theoretical maximum length of hollow fiber in (a) HICO and (b) HOCI modes with hot and cold temperatures of 79.3 1C and 17.3 1C,
respectively.

Fig. 14. Effects of membrane materials (PTFE, PVDF, and PP) on 〈Fw〉 and 〈Sq〉 with respect to the shell temperature of hot feed. The lumen temperature is kept at 17.5 1C; and
solid membrane conductivities and porosities used are from Table 1. The pore diameter for all membranes is set equal to 1:17 μm. All other conditions used are ones from Fig. 4.
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diffusion. Temperature polarization is ascribed to the consumption
of vapor latent heat at the feed-membrane interface and vapor
migration followed by condensation at the membrane–permeate
interface. Temperature varies linearly in the longitudinal direction,
and the counter-current flow scheme generates the pseudo-
constant transmembrane temperature difference. Due to small
lumen spaces, variation of the inner temperature is usually larger
than that of the shell side in the longitudinal direction.

Two new quantities for mass and heat transfer, Fw and Sq, are
used as more fundamental quantities for the HF–DCMD in the
cylindrical coordinates. Transfer rates are divided by the mem-
brane length instead of the membrane surface area. Fw, i.e., the
mass transfer rate per 2πL, is proportional to the transmembrane
temperature difference as well as hot feed temperature. This is
because the partial pressure of saturated vapor gas (in the thermal
equilibrium described by the Clausius–Clapeyron equation) dras-
tically increases with the ambient temperature. On the other hand,
Sq, the heat transfer rate per 2πL, primarily depends on the
temperature difference only because the membrane thermal
conductivity is not sensitively changing with temperature. Both
Fw and Sq are roughly proportional to δ�2=3

m . For a given membrane
thickness, HF of a larger radii provides higher mass and heat fluxes
with less geometrical curvature effects of the hollow fiber (as a
bored cylinder).

Theoretical maximum lengths of fibers Lmax exist before the
thermal equilibrium occurs, in which the local temperature
gradient is zero in the middle of the HF membrane. Lmax decreases
as the transmembrane temperature gradient increases and the
stream speed decreases. A long HF membrane can be used for a
small temperature difference between the hot feed and cold
permeate streams. As the membrane length is fixed per module,
fast stream speeds can reduce the longitudinal temperature
polarization to avoid the local thermal equilibrium. HF–DCMD
membranes can be physically characterized by κs, ε, dp, and δm,
among which the porosity influences the mass and heat transfer
rate much more significantly than any other parameters. This is
because a high porosity provides more void volume for vapor
molecules to diffuse through and consequently less fraction of
solid membrane matrix for heat conduction.

In general, hot-out/cold-in mode provides higher mass and
heat fluxes in comparison to the hot-in/cold-out mode by provid-
ing a higher heat flow rate to compensate for the latent heat
consumption of water evaporation. To reach a high HF–DCMD
performance, the HF membrane should have high porosity
(40:7–0:8, at least), larger pore sizes, and small thickness; and
the stream speeds should increase with the temperature differ-
ence between the hot feed and cold permeate.
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Appendix A

A.1. Thermal properties of water

In the combined transport of mass and heat across the porous
membrane, thermal properties of water in the hot and cold streams
play an important role. An empirical correlation of the thermal

conductivity of water was developed by Ramires et al. [60]:

κw½W=m K� ¼ 0:6065� ð�1:48445þ4:12292Tn�1:63866Tn2Þ ðA:1Þ
where Tn ¼ T ðKÞ=298:15 K for 274rTr370 K. The value of κw at
T ¼ 298:15 K is 0:6065W=m K, and on the average κw varies
0:0113W=m K per 10 K. Specific values of κw at several tempera-
tures are: κwð4 1CÞ ¼ 0:565, κwð15 1CÞ ¼ 0:588, κwð25 1CÞ ¼ 0:606,
κwð70 1CÞ ¼ 0:661, and κwð75 1CÞ ¼ 0:664 W=m K. In each of the
hot-feed and cold-permeate streams, κw can be approximated as a
constant at a given inlet stream temperature. In comparison to the
thermal conductivity, viscosity (μw), density (ρw), and specific heat
at constant pressure (cpw) of water do not noticeably change with
respect to temperature. We used their standard values at 25 1C:
ρw ¼ 997:05 kg=m3 and cpw ¼ 4:18 J=kg K; and water viscosity value
is not specifically used as it is implicitly included in the cross-
section averaged stream speeds, i.e., 〈u〉 and 〈v〉.

A.2. Heat transfer in lumen

We use the method of separation of variables and seek a
solution for Φ as a product of two independent functions, one
solely depending on η and another on ζ:

Φðη; ζÞ ¼RinrðηÞZinrðζÞ ðA:2Þ
where subscript inr indicates the inner region. Substitution of Eq.
(A.2) into Eq. (11) gives

1
1�η2

1
Rinr

1
η

d
dη

η
dRinr

dη

� �
¼ βlmn

Zinr

dZinr

dζ
ðA:3Þ

Because the left and right hand sides of Eq. (A.3) are sole functions
of η and ζ, respectively, they should be equal to a finite constant.
This unknown constant is denoted here, �λlmn, due to the
counter-current flow: the negative sign represents the decreasing
trend of the inner temperature with respect to ζ and its magnitude
refers to how strongly the axial and radial variation of the inner
temperature are coupled.

The solution form of Zinr is easily obtained:

Zinr ¼ exp½�λlmnζ=βlmn� ðA:4Þ
where an integration constant is discarded because Zinr will be
multiplied by Rinr later. Now we restrict ourselves to a small λlmn,
and propose a perturbation solution for Rinr:

Rinr ¼Rð0Þ
inrþλlmnRð1Þ

inr ðA:5Þ
Substitution of Eq. (A.5) into (A.3) provides:

for λ0lmn :
1
η

d
dη

η
dRð0Þ

inr
dη

 !
¼ 0 ðA:6Þ

for λ1lmn :
1
η

d
dη

η
dRð1Þ

inr
dη

 !
¼ ð1�η2ÞRð0Þ

inr ðA:7Þ

Solution of Eq. (A.6) is

Rð0Þ
inr ¼ C1 ln ηþC2 ðA:8Þ

where we determine C1 ¼ 0 because Rð0Þ
inr should be finite at η¼ 0.

Substitution of Rð0Þ
inr ¼ C2 into Eq. (A.7) derives

Rð1Þ
inr=C2 ¼ �1

4
FðηÞþC3 lnηþC4 ðA:9Þ

where

FðηÞ ¼ η2�1
4
η4 ðA:10Þ

which is a positive and increasing function of η, having the
minimum value at η¼ 0 and inflecting at η¼

ffiffiffiffiffiffiffiffi
2=3

p
¼ 0:8165 from

concave up to down. We discarded the natural logarithmic term in
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Eq. (A.9) (i.e., C3 ¼ 0) for the same reason as C1. Then, the solution
for Φ has a form of

Φ¼ B1 1�1
4
λf B0FðηÞ

� 	
� exp �λlmnζ

βlmn

� �
ðA:11Þ

where B0 and B1 are constants to be determined. By applying
boundary conditions of

T10 ¼ T inrðη¼ 0; ζ ¼ 0Þ ðA:12Þ

T1L ¼ T inrðη¼ 0; ζ ¼ 1Þ ðA:13Þ
we calculate

T inr�T1L

T inr;ref
¼ B1 1�1

4
λlmnB0FðηÞ

� 	
e�λlmnζ=βlmn �B1e�λlmn=βlmn ðA:14Þ

T10�T1L

T inr;ref
¼ B1ð1�e�λlmn=βlmn Þ ðA:15Þ

Dividing Eq. (A.14) by (A.15) yields

T inr�T1L

T10�T1L
¼ e�λlmnζ=βlmn 1�1

4λlmnB0FðηÞ
� ��e�λlmn=βlmn

1�e�λlmn=βlmn
ðA:16Þ

Note that T10 ¼ T lmn and T1L ¼ T lmn�ΔT lmn. Final representation of
the inner temperature profile is derived as Eq. (13).

A.3. Heat transfer in shell

Similar to the inner reduced temperature Φ, we seek a solution
for Ψ such as

Ψ ðχ; ζÞ ¼ RotrðχÞZotrðζÞ ðA:17Þ
where subscript otr indicates the outer region. Eq. (A.17) is
substituted into the governing equation (23) to provide

1
1þs2 ln χ2�χ2

1
Rotr

1
χ

d
dχ

χ
dRotr

dχ

� �
¼ �βshl

1
Zotr

dZotr

dζ
¼ λshl

ðA:18Þ
where λshl is a coupling constant in this outer (permeate) region.
We calculate the solution for Zotr:

Zotr ¼ exp½�λshlζ=βshl� ðA:19Þ
and propose a perturbation solution for Rotr:

Rotr ¼Rð0Þ
otrþλshlRð1Þ

otr ðA:20Þ
Substitution of Eq. (A.20) into (A.18) gives

for λ0shl :
1
χ

d
dχ

χ
dRð0Þ

otr

dχ

 !
¼ 0 ðA:21Þ

for λ1shl :
1
χ

d
dχ

χ
dRð1Þ

otr

dη

 !
¼ 1þs2 ln χ2�χ2
 �Rð0Þ

otr ðA:22Þ

Here, we assume that cylindrical unit cells are independent from
each other and set no heat flux across the (imaginary) cell
boundary:

κshl
∂Totr

∂r

����
r ¼ c

¼ 0-
∂Rotr

∂χ

����
χ ¼ s

¼ 0 ðA:23Þ

The general solution for Rð0Þ
otr is derived as

Rð0Þ
otr ¼ C1 ln χþC2 ðA:24Þ

where C1 and C2 are integration constants (different from those in
Eq. (A.8)) that are to be determined. By applying the boundary
condition of Eq. (A.23), we determine C1 ¼ 0, and substitute Eq.
(A.24) into (A.22) to obtain

Rð1Þ
otr=C2 ¼ C5�

1
4
λshlGðχÞ ðA:25Þ

where C5 is a constant to be determined, and

GðχÞ ¼ 1
4
χ4þð2s2�1Þχ2þs2½4s2 ln s�3s2�2ðχ2�1Þ�ln χ ðA:26Þ

is determined for Eq. (A.25) to satisfy the cell boundary condition
of Eq. (A.23). Derivation of GðχÞ at χ ¼ s is

gðsÞ ¼ dGðχÞ
dχ

� 	
χ ¼ 1

¼s2½2s2 ln s2�3s2þ4��1 ðA:27Þ

which will be used for heat flux calculation.
The general solution for Ψ is then

Ψ ¼ C2 C5�
1
4
λshlGðηÞ

� 	
� exp �λshlζ

βshl

� �
ðA:28Þ

Boundary temperature values are

T40 ¼ Totrðs;0Þ ¼ Totr;ref þTotr;refC2 C5�
1
4
λshlGðsÞ

� 	
ðA:29Þ

T4L ¼ Totrðs;1Þ ¼ Totr;ref þTotr;refC2 C5�
1
4
λshlG sð Þ

� 	
exp �λshl

βshl

� �
ðA:30Þ

and the difference is

T40�T4L ¼ΔTp ¼ Totr;refC2 C5�
1
4
λshlGðsÞ

� 	
1�exp �λshl

βshl

� �� 
ðA:31Þ

Then, the ratio of Totrðχ; ζÞ�T4L to T40�T4L provides a reduced
temperature in the outer region. Note that T4L ¼ Tshl and
T40�T4L ¼ΔTshl.

A.4. Effective enthalpy for mass transfer

In a pore, the vapor flux is proportional to its concentration
gradient, which is counter-balanced by the air flux. The ratio
of the square-root of water and air molecular weights,
Mw ¼ 18:05 g=mol and Ma ¼ 28:97 g=mol, respectively, is calcu-
lated as βm ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Mw=Ma

p
¼ 0:789. Then, the effective enthalpy is

H ¼Hw�βmHa ðA:32Þ
where Ha and Hw are the partial molar enthalpy of air and water
vapor, respectively:

Ha ¼ capT ðA:33Þ

Hw ¼ lhðT0Þþcpw � ðT�T0Þ ðA:34Þ
where cap ¼ 29:115� 10�3 kJ=mol K and cpw ¼ 75:303�
10�3 kJ=mol K are heat capacities of air and water vapor at
constant pressure, and lhðT0Þ is the latent heat of saturated water
at T0 ¼ 297:15 K. A linear regression of measured latent heat data
provides [22]

lhðTÞ ¼ l0� l1T ðA:35Þ
where l0 ¼ 57:075 kJ=mol and l1 ¼ 4:3856� 10�2 kJ=mol K. Sub-
stitution of Eqs. (A.33) and (A.34) into (A.32) gives the final
expression of Eq. (39).

A.5. Integral expressions

In Eqs. (50) and (51), Iinr and Iotr are calculated as

Iinr ¼ 1� 7
96
λlmnB0 ðA:36Þ

and

Iotr ¼
C5Iotr;1ðsÞ

C5�
1
4
λshlGðsÞ

� λshlIotr;2ðsÞ
C5�

1
4
λshlGðsÞ

ðA:37Þ
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respectively, where

Iotr;1 ¼ 4s2�3s4þ2s4 ln s2�1¼ 1
f ðsÞ ðA:38Þ

and

Iotr;2 ¼
1
2
s8ðln s2Þ3þ s6�9

4
s8

� �
ðln s2Þ2þ 7

8
s4�4s6þ95

24
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þ 7
96

þ 1
36
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16
s4þ13

3
s6�719

288
s8 ðA:39Þ

Note that both Iotr;1 and Iotr;2 vanish as s-1.

Nomenclature

αlmn thermal diffusivity of water at lumen temperature,
κlmn=ρwcpw

αshl thermal diffusivity of water at shell temperature,
κshl=ρwcpw

cp effective specific heat at constant pressure
H effective molar enthalpy
βlmn lumen Peclet number times a2=L2 of Eq. (12)
βshl shell Peclet number times b2=L2 of Eq. (24)
χ dimensionless radial distance in shell space, χ ¼ r=b

(1oχos)
ΔQ inr heat transfer rate on the inner (lumen) surface
ΔQ lmn heat transfer rate along the lumen space
ΔQmbr heat transfer rate across the membrane
ΔQotr heat transfer rate on the outer (shell) surface
ΔQ shl heat transfer rate along the shell space
ΔT lmn axial temperature difference along the

lumen center
ΔTshl axial temperature difference along the cell surface
δm membrane thickness
ε porosity of membrane
η dimensionless radial distance in lumen space,

η¼ r=a (0oηo1)
κlmn thermal conductivity of water at lumen

temperature
κmbr thermal conductivity of the porous membrane
κshl thermal conductivity of water at shell temperature
κg thermal conductivity of gases in membrane pores
κs thermal conductivity of solid part of membrane
κw thermal conductivity of water
λlmn temperature coupling constant in lumen space
λshl temperature coupling constant in shell space
〈u〉 mean speed of the inner (lumen) stream
〈v〉 mean speed of the outer (shell) stream
P hydraulic pressure in streams
Pelmn thermal Peclet number in lumen space
Peshl thermal Peclet number in shell space
μ viscosity of water
Φ reduced temperature in the inner space
ϕ packing fraction of hollow fibers in a vessel
Ψ reduced temperature in the outer space
ρw density of water
s dimensionless radial distance of the cell surface,

s¼ c=b
τ tortuosity of membrane pores
τrz tangential stress on the cell surface, equal to τzr
ζ dimensionless axial distance, ζ ¼ z=L
a inner radius of a hollow fiber membrane
Ai constants for Vz for i¼1,2, and 3
b outer radius of a hollow fiber membrane
Bi coefficients of inner temperature profile, i¼ 0�2

c radius of the cylindrical unit cell
Ci coefficients of outer temperature profile, i¼ 1�5
cpw specific heat of water at constant pressure
DB Brownian diffusion coefficient
Deff effective diffusion coefficient
DK Knudsen diffusion coefficient
dp pore diameter of membrane
Fw mass transfer rate per membrane length, defined in

Eq. (42)
Jw mass transfer rate per membrane area, defined in

Eq. (30)
L membrane length
Mw molecular weight of water
Nfbr the number of hollow fibers in a cylindrical vessel
nw molar concentration of vapor molecules
qinr radial heat flux at inner surface (r¼a) of HF

membrane
qmbr radial heat flux across the membrane
qotr radial heat flux at outer surface (r¼b) of HF

membrane
R universal gas constant
Rvsl radius of a cylindrical vessel
Sq heat transfer rate per membrane length, defined in

Eq. (41)
T inr temperature profile in the inner space, 0oroa

and 0ozoL
Tmbr temperature profile in the membrane region,

aorob and 0ozoL
Totr temperature profile in the outer space, boroc and

0ozoL
Ta inner temperature on the lumen surface,

T inrðr¼ a; zÞ
Tb outer temperature on the shell surface, Totrðr¼ b; zÞ
u axial velocity in the inner (lumen) channel

(0oroa)
Ulmn total flow rate through lumen spaces of Nfbr fibers
Ushl total flow rate through shell spaces of Nfbr fibers
v axial velocity in the outer (shell) channel (boroc)
vb representative velocity in shell space, Eq. (19)
Vθ angular velocity of fluid stream
Vr radial velocity of fluid stream
Vz axial velocity of fluid stream
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