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a b s t r a c t
Pressure-driven ﬂow through a channel with membrane walls is modeled for high particulate volume
fractions of 10%. Particle transport is inﬂuenced by Brownian diffusion, shear-induced diffusion, and convection due to the axial crossﬂow. The particles are also subject to electrostatic double layer repulsion
and van der Waals attraction, from both particle–particle and particle-membrane interactions. Force Bias
Monte Carlo (FBMC) simulations predict the deposition of the particles onto the membranes, where both
hydrodynamics and the change in particle potentials determine the probability that a proposed move is
accepted. The particle volume fraction is used to determine an apparent local viscosity observed by the
continuum ﬂow. As particles migrate, the crossﬂow velocity ﬁeld evolves in quasi-steady fashion with
each time instance appearing fully developed in the downstream direction. Particles subject to combined
hydrodynamic and electric effects (electrostatic double layer repulsion and van der Waals attraction)
reach a more stable steady-state as compared to systems with only hydrodynamic effects considered.
As expected, at higher crossﬂow Reynolds numbers more particles remain in the crossﬂow free stream.
Ó 2012 Published by Elsevier Inc.

1. Introduction
Water quality and availability are pressing issues with over
1 billion people worldwide lacking access to safe, reliable drinking
water. As many as ﬁve million die each year of waterborne diseases
due to unclean water sources and poor sanitation and hygiene [1].
A range of ﬁltration methods including reverse osmosis (RO),
microﬁltration and nanoﬁltration, offer promise in providing potable water. In addition to debris and large contaminants, some
membrane ﬁltration can remove biological contaminants such as
viruses and bacteria. RO membranes can even be used to remove
salts, generating potable water from saline or brackish water. However, all ﬁltration techniques are all susceptible to fouling. Once
fouling begins, the systems must be operated at higher pressure
to maintain a constant permeate ﬂux, requiring increased power
consumption.
Before full-scale, mulit-contaminant systems can be fully
understood, it is necessary to investigate the physics of single species fouling in simple geometries. The motivation of this study is to
demonstrate coupling of a continuum crossﬂow to a discrete
⇑ Corresponding author.
E-mail address: houchens@rice.edu (B.C. Houchens).

Monte Carlo simulation and evaluate the validity of such a method
for a relatively high (10%) volume fraction of foulant, such as might
be present before any pretreatment. Future simulations will predict fouling observed in small-scale laboratory systems such as
those of Contreras et al. [2a,b] Faibish et al. [3] and Wang and Tarabara [4]. The geometry of the ﬂow cell, membrane characteristics
and foulants described here mimic the geometry of these experiments, but with a high volume fraction of particulates to better
demonstrate the impact on the ﬂow and particle migration. Here
results are presented for symmetric cells with membranes on both
the top and bottom boundaries. In future simulations, fouling of
just one surface will be investigated to better compare to
experiments.
Force Bias Monte Carlo (FBMC) methods are used to model particle movement. The hydrodynamics that govern particle motion
are well documented [5–7], and several components contribute
to the total effect. These include Brownian and shear-induced diffusion, as well as hydrodynamic drag forces. Leighton and Acrivos
[7] noted that shear-induced diffusion ‘‘arises from the random
motion of the particles across streamlines due to the inter-particle
interactions which occur as a suspension is sheared’’. These diffusive effects have been considered in previous work [6] and are reﬁned here to provide more accurate predictions. Additionally, the
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velocity proﬁle is updated after each Monte Carlo (MC) step,
accounting for the impact of local particle concentration on apparent viscosity.
In addition to the hydrodynamic forces, particle–particle and
particle-membrane electric interactions are also considered and
inﬂuence the migration of the particles in the ﬂow cell. The two
interactions examined include van der Waals and electrostatic
double layer potentials. The electrostatic potentials are repulsive
between objects of the same sign charge (as assumed here). Van
der Waals potentials are attractive forces, drawing particles together and toward the membranes and partially offsetting the electrostatic repulsion. In general, the two interactions do not
necessarily cancel. It will be shown that these electric interactions
damp the randomness in the MC steps.
Here extreme parameters are investigated to describe the impact due to very high contaminant concentrations (10% volume
fraction of particles). First cases with just electrostatic and van
der Waals forces are considered, without ﬂow. Then a case with
no electrostatic or van der Waals interactions is considered to
investigate purely hydrodynamic effects. Finally, electrostatic,
van der Waals and hydrodynamics are considered. With these limiting cases as benchmarks, future studies will treat more realistic
volume fractions for membrane ﬁltration after pretreatment and
will attempt to parameterize the impact over a range of charges
(for particles and membranes), membrane surface roughness, and
particle size distributions.
2. Problem statement, interactions and assumptions
The channel geometry used in the simulations is shown in
Fig. 1. The mesh areas (top and bottom) indicate the membrane
surfaces of the ﬂow channel, through which there is small perme-

ate outﬂow. These act as reﬂective boundaries for particles, which
are assumed to be perfectly rejected. The particle centers can only
approach to within a radius to the membrane. Periodic conditions
are applied on the remaining boundaries. Particles in the ﬂow are
subject to many-body hydrodynamic, electrostatic and van der
Waals forces, as well as force bias due to the ﬂow.
2.1. Hydrodynamic forces
Particles in the ﬂow are subject to hydrodynamic forces. The
velocity normal to the membrane vz is given by Berman [8] as:

v z ðzÞ ¼ v w




z
Re?
zð2  3z2 þ z6 Þ
ð3  z2 Þ 
280
2

ð1Þ

where Re\ is the Reynolds number based on vz, vw is the permeate
velocity (here taken to be constant), and z is the normalized channel
height, scaled such that it is 0 at the center of the channel and +1
and 1 at the top and bottom membrane surfaces, respectively.
Assuming that Re\ of the permeate ﬂow is sufﬁciently small, as in
previous work [6], the permeate proﬁle which convects particles
to the membrane surfaces simpliﬁes to vz(z) ’ vw(3z  z3)/2. This
proﬁle also assumes incompressible, laminar, steady state ﬂow, in
which the presence of particles on the membrane are neglected.
This velocity proﬁle is used in conjunction with Happel’s spherein-cell model and Brownian and shear-induced diffusivities to generate the hydrodynamic force in z that drags particles toward or
pushes particles away from the membranes [5]. The crossﬂow
velocity is treated as an unknown and is solved using the onedimensional momentum equation as discussed in Section 3.1. The
hydrodynamic force normal to the membranes is:

Fh ¼

kb T v z ðzÞK 1 ð/Þ
^z
DB þ DSI

ð2Þ

where DB is the Brownian diffusivity, DSI is the shear-induced diffusivity in the normal direction, K is the sedimentation coefﬁcient that
depends on the volume fraction / of the spherical particles in suspension, and K1 is approximated by Happel’s model as:

K 1 ð/Þ ¼

6 þ 4/5=3
1=3

6  9/

þ 9/5=3  6/2

ð3Þ

which varies as shown in Fig. 2a. The hydrodynamic force in the
crossﬂow (x) direction is accounted for by the envelope of possible
random moves in the Force Bias Monte Carlo method, discussed in
Section 3.3.
The Brownian diffusivity is given as:

DB ¼

kb T
Sð/Þ
6plR

ð4Þ

where Sð/Þ ¼ @ð/Zð/ÞÞ=@/ and Z represents the osmotic compressibility, which in hard-sphere systems is given by the Carnahan–
Starling equation [9]:

Zð/Þ ¼

1 þ / þ /2  /3
ð1  /Þ3

ð5Þ

Because of the relatively low volume fraction of particles, S is assumed constant with a value of unity [9]. The shear-induced diffusivity can be expressed as:

b
DSI ¼ c_ ðzÞR2 Dð/Þ;

ð6Þ

b is the dimensionless
where c_ is the shear rate in the channel, and D
shear-induced correction factor experimentally found to be:

Fig. 1. Channel geometry in dimensional coordinates.
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Fig. 2. (a) Inverse sedimentation coefﬁcient K1(/) (Happel correction factor); (b) Shear-induced correction factor, Dð/Þ,
versus volume fraction /.

as in [7,10–11]. It should be noted that Eqs. (4) and (6) are for use in
systems where the only interactions are between hard-spheres.
These are, however, used in this work as an approximation when
weak electric interactions are present. The shear-induced correction
b
factor Dð/Þ
varies with / as shown in Fig. 2b. The densities of the
particles are taken to be that of BSA (Bovine Serum Albumin), with
density 1372 kg/m3 corresponding to a volume to mass ratio of
0.729 mL/g [12]. Though the particle density does not match that
of water, gravitational effects were neglected, as supported by
experiments. For example, in the membrane cell experiments of Li
et al. using BSA [2], the membrane is at the top of the cell, thus gravity should mitigate fouling if it is non-negligible. In fact, fouling is
still observed due to hydrodynamic transport of particulates to
the membrane surface. The only signiﬁcant force normal to the
membrane (acting over signiﬁcant distance) is hydrodynamic, as
described by Eq. (2).
2.2. Van der Waals interactions and electrostatic forces
The particles are also subject to van der Waals attraction and
electrostatic double layer repulsion. All simulation results presented here are for particles and membranes with the same charge
to investigate the maximum electrostatic repulsion. To explain the
dynamic simulation of particles in the channel a detailed
description of the potential functions between two particles, and
between a particle and the membrane surface, are included below.
In all simulations in this paper, nondimensionalized potential
equations are used by taking advantage of the mono-dispersed
particle size.

V VDWSS

"
!#
AHSS
R2
R2 1
4R2
¼
þ þ ln 1  2
3
z
z2  4R2 z2 2

When the center-to-center separation z is much larger than the radius, this simpliﬁes to [13]:

V VDWSS ¼ AHSS

16 R6
9 z6

ð8bÞ

The Hamaker coefﬁcient AH-SS is based on the materials of the two
spheres and the medium that separates them. The Monte Carlo simulation domain is normalized by R, so these two formulas simplify to:

V VDWSS ¼ 




AHSS
1
1 1
4
;
ln
1

þ
þ
s2  4 s2 2
s2
3

for 2 < s < scutoff
ð9aÞ

V VDWSS ¼ AHSS

16 1
;
9 s6

for s > scutoff

ð9bÞ

where s = z/R is the nondimensionalized distance, which was varied
to determine the minimum value scutoff for which accurate results
are obtained. Eq. (9b) minimizes computation time by reducing
operations in the energy calculations. As discussed in the results
section, scutoff = 50 was selected to optimize the computational expense without sacriﬁcing accuracy.
In addition to sphere–sphere interactions there are also sphereplane interactions, where the plane represents the membrane. The
van der Waals potential between a particle and a membrane surface is given by:

V VDWSP ¼ 
2.2.1. Van der Waals interactions
The van der Waals interaction between two spheres of the same
radius R can, in general, be expressed as:

ð8aÞ




AHSP R
R
l
;
þ
þ ln
l 2R þ l
2R þ l
6

ð10aÞ

where l is the surface-to-surface distance between the particle and
the membrane. This form holds for all separations, although
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alternative forms which are computationally efﬁcient exist for large
separations and near-contact distances. Introducing the scaled
coordinate h = l/R, this simpliﬁes to:

V VDWSP




AHSP 1
1
h
:
þ
þ ln
¼
h 2þh
2þh
6

ð10bÞ

It has been noted that the van der Waals potential becomes inﬁnite when particles approach the limit of contact. Thus a minimum
separation distance between particles is imposed. If particles reach
such a close proximity the move in the Monte Carlo step is rejected
as if the particles had overlapped. A separation of roughly
0.158 nm has been suggested as the minimum distance between
particles [14] and is used here.
2.2.2. Electrostatic forces
Electrostatic potentials are also present due to particle–particle
and particle-membrane interactions. These potentials are governed by close-range and long-range interactions. The general
close-range electrostatic force between two spheres is:
2

V EDLSS ¼

64pa1 a2 e0 er kb T 2
c1 c2 expðjlÞ;
ða1 þ a2 Þz2e e2

ð11Þ

where a1 and a2 are the radii, which here are both R,
l = z  2R = R(s  2) is the separation distance between the shear
planes of two spheres, and ze is the electrolyte valence. The reduced
surface potential is c = tanh (zeef/kbT) and the Debye screening
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
length is j ¼ 2  103 N A e2 z2e C EL =e0 er kb T . The zeta potential f is particle dependent, but since all particles are taken to be the same,
c1 = c2 = c in the sphere–sphere case. Eq. (11) then simpliﬁes to:
2

V EDLSS ¼

32pRe0 er kb T 2 2
c expðjlÞ:
z2e e2

ð12Þ

For long-range interactions the radii of both spheres plus the
surface-to-surface distance appears in the denominator, and the
simpliﬁed equation for like-spheres becomes:

3. Flow ﬁeld and particle movement
3.1. Downstream crossﬂow continuum velocity ﬁeld
A parabolic velocity proﬁle based on a constant shear rate is an
accurate approximation if the particles are uniformly distributed
[6]. However, as the particles become more concentrated close to
the membranes the crossﬂow velocity diverges from this Newtonian proﬁle.
Here the velocity ﬁeld is inﬂuenced by the local particle concentration through an apparent viscosity. The velocity ﬁeld is solved
and updated after each MC step. The fully developed, one-dimensional velocity proﬁle is governed by the nondimensional momentum equation:
2

0¼

dP
d v x dg dC dv x
þ gðCÞ 2 þ
;
dx
dC dz dz
dz

as in Hale et al. [19], where g is the Generalized Newtonian viscosity and C is the particle concentration. Eq. (15) assumes the system
is in a quasi-steady state (the derivative of vx with respect to time is
negligibly small between Monte Carlo steps) and the ﬂow is fully
developed (there is no change in vx with respect to the crossﬂow
direction x). Furthermore, it is assumed that there is no ﬂow normal
to the crossﬂow, consistent with a permeate velocity that is much
smaller than the crossﬂow velocity.
The velocity is impacted by the local viscosity, expressed as
an exponential function of the concentration in the cell, g(C) =
g0 exp (aC). The parameters g0 and a are solution dependent and
were extrapolated from experiments to be g0 = 0.8887 and
a = 0.0097 [19]. The velocity boundary conditions imposed at the
membranes are no-slip in the crossﬂow direction and negligible
permeate ﬂow in the normal direction (equivalent to no-penetration from the continuum perspective). This neglects the small permeate velocity as it is several orders of magnitude less than the
crossﬂow. However permeate velocity does impact the particle
transport as described by the hydrodynamic force. The pressure
gradient is a derived parameter based on the crossﬂow Reynolds
number Recf given by:

2

V EDLSS ¼

64pR2 e0 er kb T 2 2
c expðjlÞ:
ð2R þ lÞz2e e2

ð13Þ

With sufﬁciently small l this reduces to Eq. (12). Therefore Eq. (13)
is used for nearly all separations, except for those in very close
proximity when l < lcutoff. A variety of additional electrostatic potential functions for various limiting criteria are given in Elimelech
et al. [15].
The sphere-plane interaction, where the plane represents the
membrane, is based on Eqs. (11) and (13), taking the limits of both
equations as one radius goes to inﬁnity, where both yield the same
formula:
2

V EDLSP ¼

64pRe0 er kb T 2
c1 c2 expðjlÞ:
z2e e2

ð14Þ

In this case c1 – c2 as the membrane and particles may have different zeta potentials.
It should be noted that the regions of formal validity for Eqs.
(12) and (13) are l  ai, jai > 5 and j(2R + l)  1, jai P 10, respectively. These formal conditions are not met for the 3.13 nm particles of BSA used in Section 4.1 as jai  0.324. Past works [16,17]
have demonstrated that these approximations with similar inputs
are valid well beyond their formal limits, as is often true for equations approximating EDL interactions [18]. For the 5 lm prototypical particles used in Sections 4.2 and 4.3 jai  517, based on the
electrical characteristics of BSA.

ð15Þ

Recf ¼ 

1 dP qH3
;
12 dx l2

ð16Þ

where H is the channel height and q and l are the density and absolute (dynamic) viscosity of water, respectively. Throughout these
calculations, the properties of pure water at 300 K and 1 atm were
used for the continuum media, with q = 996.63 kg/m3 and
l = 8.887  104 kg/m s.
The concentration was determined by dividing the cell vertically about the Chebyshev–Gauss–Lobatto collocation points [20]
used in the velocity ﬁeld solution. A ﬁt of the concentration was
created as discussed below, and the velocity was then solved using
a spectral collocation method with Chebyshev polynomials, with a
resolution of 50 collocation points in z. The Chebyshev polynomials
are deﬁned by the recursion relation [21]:

T 0 ðzÞ ¼ 1;

T 1 ðzÞ ¼ z;

T nþ1 ðzÞ ¼ 2zT n ðzÞ  T n1 ðzÞ:

ð17a-cÞ

The governing equation requires the ﬁrst two derivatives of the
Chebyshev polynomials, which are deﬁned through similar recursion relations. The ﬁrst derivative is described by:

T 00 ðzÞ ¼ 0;
T 0nþ1

¼

T 01 ðzÞ ¼ 1;
0
2zT n ðzÞ þ 2T n ðzÞ

T 02 ðzÞ ¼ 4z
 T 0n1 ðzÞ

ð18a-cÞ

and the second derivative follows in a similar manner.
The ﬁrst derivative of the viscosity with respect to concentration is also required, which is simply the derivative of the exponential function given by dg/dC = ag0 exp (aC). The derivative of
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concentration with respect to the channel position dC/dz strongly
inﬂuences the velocity ﬁeld and the shear rate, given in simple
shear ﬂow as c_ ðzÞ ¼ dv x =dz. The shear rate drives the shear-induced diffusivity in Eq. (6), so it is critical that not only the concentration proﬁle is smooth, but its ﬁrst derivative is also smooth.
3.2. Fit of particle concentration across the channel
Four different concentration interpolation schemes were tested:
Chebyshev polynomials, a 4th order polynomial ﬁt, cubic splines
[22] and a piecewise linear ﬁt. Piecewise linear interpolation was
rejected because it did not provide sufﬁcient smoothing and gave
drastically different results from the other interpolants. The three
remaining schemes were tested at six values of Recf: 0.1, 1, 10,
100, 500 and 1000. The following were recorded: the maximum
velocity, the number of steps, the order parameter deﬁned in
Kim and Liu [6] as:

WNP ¼

NP
1 X
z2
NP i¼1

!

NP
1 X

z
NP i¼1

!2
ð19Þ

;

and the CPU time required for the order parameter to converge. WNP
provides a basic measure of the proximity of the particles to the
membranes and the degree of symmetry of the system in the z
direction. When the order parameter reaches a steady value it generally indicates that the system has stabilized at the ﬁnal steady
state. The convergence rate and steady state of the simulation were
used to determine the best choice for the concentration interpolation scheme for both computational efﬁciency and accuracy.
Cubic splines were selected as the preferred interpolation method for viscosity as they required the fewest steps to reach convergence in all simulations, remained stable and required the least
amount of computational time. While, on average, a cubic spline
step may take longer to complete compared to the other ﬁts, the
advantage of convergence in fewer steps still reduced computational time. Furthermore, simulations utilizing cubic splines were
found to oscillate the least about the steady state equilibrium
point, making it easier to interpret an appropriate value for the order parameter and maximum channel velocity.

Dx ¼ a0 ð2  rand  1 þ Px ÞDc
Dy ¼ a0 ð2  rand  1ÞDc
Dz ¼ a0 ð2  rand  1ÞDc ;

ð21a-cÞ

where a0 is the maximum move size allowed in any coordinate
direction, and rand is a random number between 0.0 and 1.0 from
the intrinsic random number generator in FORTRAN 90. Note that
Px allows for the case in which the maximum velocity is not at
the center of the channel.
The maximum value of vx was found using Newton’s method on
the velocity ﬁeld after each Monte Carlo step. The initial guess for
the location of the maximum velocity was the location from the
previous step. In the interest of computational efﬁciency, the
method was only allowed 10 steps to converge to a location where
the derivative of the velocity proﬁle was less than 0.01, or the second derivative was near zero, in this case less than 108 in magnitude. If Newton’s method failed to converge, the location of the
assumed maximum velocity defaulted to the center of the channel
and the next Monte Carlo step was carried out.
The maximum move size a0 was adjusted every ten Monte Carlo
steps to maintain the ratio of accepted to attempted moves at
approximately 0.5. Movement in all three directions was scaled
by a displacement correction factor Dc deﬁned as Dc = 0.1 + Px. This
has no bearing on the energy state of the particles, but simply allows for particles in the center of the channel to move more readily
than particles near the membranes, aiding convergence. Depending on the random number generated and the bias associated with
the z location, a particle displacement in the crossﬂow direction
Dx/a0 can fall anywhere within the envelope in Fig. 3.
The displacement was scaled by a0, which varies with the state
of convergence of the MC simulation. Initially a0 = 2R(p/6/)1/3 for
all simulations, a fairly large value equal to roughly 3.5 particle radii for a 10% volume fraction, and it decreased as the simulation
progressed to a stable ﬁnal state, to maintain approximately a
50% move acceptance ratio.
The FBMC uses the hydrodynamic force and the change in particle energy state to determine the probability that a move is accepted, so long as there is no particle overlap. The probability of
accepting a move is described in [6] as:

3.3. Force Bias Monte Carlo

Pz ¼ min½1; expðbDE  bkFh  Dr Þ;

The velocity ﬁeld determines the bias Px with which particles
are allowed to move in the direction of the crossﬂow, described by:

where b = 1/kbT and k is the force bias coefﬁcient, typically 0.5
[23,24]. In previous work the change in energy was neglected because particles were treated as electrostatically non-interacting
hard spheres to observe only the effects of Brownian and shear-induced diffusion. Here the change in the energy of each particle is
calculated and inﬂuences the probability that a move is accepted.
The impact of the acceptance ratio was tested at Recf = 10 using
values of 0.3 and 0.7 in addition to 0.5. All other simulation

Px ¼

v x ðzÞ
:
maxðv x ðzÞÞ

ð20Þ

This bias determines the possible envelope of moves for each particle in the MC step via:

ð22Þ
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Fig. 3. Possible displacements scaled by a0 based on a parabolic velocity ﬁeld.
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parameters were those given in Table 3. No signiﬁcant change was
observed in the steady state concentration ﬁeld over this range of
acceptance ratio.
4. Results and discussion for high (10%) particle fractions
First the impact of only electrostatic repulsion and van der
Waals attraction is presented, with no ﬂow and small 3.13 nm particles in Section 4.1. Then, only the impact of apparent viscosity is
presented on the ﬂow ﬁeld in Section 4.2. In this case, electrical
interactions are not considered and particles are increased to
5 lm. Finally, the combined effects are presented in Section 4.3
where the impact of the electrostatic double layer repulsion is
shown to decrease the order parameter by forcing particles away
from the membranes.
4.1. Migration of 3.13 nm particles due to electrostatic potentials and
van der Waals interactions only
The sum of the potentials determines the energy state of each
particle in a MC step. The energy states prior to movement and
in the trial position are compared to ﬁnd the change in energy.
Here there is no ﬂuid motion – the permeate ﬂux is set to zero
and there is no pressure differential and therefore no crossﬂow.
The parameters used are for BSA (Bovine Serum Albumin), a common organic foulant used in experiments, and a prototypical membrane with the same parameters as BSA, given in Table 1 [16,17].
Five tests were carried out to see what cutoff value scutoff was
sufﬁciently large for the separation of the particles to qualify as
‘‘much greater than’’ the radius of the spheres, for the purposes
of computing the van der Waals potential using either Eq. (9a),
(9b). The primary consideration was to ﬁnd scutoff sufﬁciently large
to achieve the correct ﬁnal particle state. Convergence in scutoff was
determined by the comparing steady state concentration ﬁelds for
various cutoff values. A secondary consideration was computational run-time.
Values of scutoff = 100, 50, 20, 5, and 3 were investigated. It was
found that smaller cutoffs resulted in modest computational
speed-up due to the reduction in the time to complete each MC
step. However, the differences in the steady state concentrations
ﬁelds for scutoff = 3, 5 and 20 were also signiﬁcant, indicating that
scutoff = 3 and scutoff = 5 were both too small to obtain accurate results. Increasing scutoff from 3 to 20 yielded increased order parameters associated with higher concentrations near the membrane.
Comparison of simulations with scutoff = 50 and 100 showed
negligible differences in both run-time and the steady state solution. Therefore, the optimum cutoff falls in the range 20 < scutoff < 50. Qualitatively speaking, the steady state solutions with

scutoff = 20 and 50 were sufﬁciently different to merit the larger
cutoff. Furthermore, the increase in run-time from scutoff = 20 to
scutoff = 50 was insigniﬁcant. Thus, scutoff = 50 was selected for all
simulations to ensure independence of the solution on cutoff.
The cutoff value of the separation between shear planes of two
particles lcutoff at which the surface-to-surface separation of the
particles is ‘‘much less than’’ the radius of the particles was also
unknown. For l sufﬁciently small (l < lcutoff) Eq. (12) can be used in
place of Eq. (13) for the electrostatic double layer potential for
sphere-to-sphere interactions. The value of lcutoff was set at 0.1R.
Smaller values, for the case of BSA, would be near or below the
minimum separation required for the van der Waals potential
not to diverge. If the thickness of the Stern plane is neglected, l
and s are related by l  R(s  2) and it is possible in some cases,
though not mandatory, to relate lcutoff to scutoff. However, because
of the minimum separation scutoff for the van der Waals forces, this
relationship was not enforced for the cutoff values and lcutoff = 0.1R
throughout.
The electrostatic double layer repulsion dominates the van der
Waals interactions. Since the membranes are assumed to carry
the same charge as the particles, the repulsion from the membrane
surfaces is the dominant effect. Even when coupled with the apparent viscosity impact on the crossﬂow, the electrostatic double layer
still plays an important role in forcing particles away from the
membranes, resulting in a reduced order parameter as shown in
Section 4.3.
4.2. Flow modiﬁcation inﬂuenced only by the apparent viscosity of
5 lm particles
As particles migrate toward the membrane surfaces during the
Monte Carlo simulation, the viscosity in the core of the ﬂow decreases, resulting in an increase in velocity in the core. An illustration of how the velocity develops as the Monte Carlo simulation
progresses is shown in Fig. 4 for 10% particle volume fraction with
parameters given in Table 2 and no electric interactions, demonstrating the dynamic nature of the proﬁle.
For a ﬁxed Recf the applied pressure gradient remains constant
through all MC steps. However, the crossﬂow volumetric ﬂow rate
actually increases until the equilibrium condition is achieved. For
all cases it was observed that the velocity ﬁelds at 5000 and
10,000 MC steps were almost identical, indicating the ﬁnal
state was reached. Initially, the particles are evenly distributed

Table 1
Parameters used to study the impact of electric potential and van der Waals
interactions with no continuum ﬂow.
Particle volume fraction, /
Number of particles
Particle radius, R
Cell size ratio (W  H  L)
Particle valence, zp
Permeate ﬂux vw
Particle volume per mass [12]
Electrolyte concentration, CEL [17]
Particle–particle Hamaker constant, AH-SS [12]
Temperature, T
Particle zeta potential, f [17]
Solvent dielectric constant, er
Particle-membrane Hamaker constant, AH-SP (estimate)
Electrolyte valence ze [17]
Membrane zeta potential, fmembrane

0.1
2100
3.13 nm
173
20
0 lm/s
0.729 mL/g
0.001 M
1.65  1021 J
300 K
30 mV
78.54
1.65  1021 J
1
30 mV

Fig. 4. Velocity proﬁle development, Recf = 1000, for / = 0.1.
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Table 2
Parameters used to study the impact of apparent viscosity on the continuum ﬂow,
without electric or van der Waals interactions.
Particle volume fraction, /
Number of particles
Particle radius, R
Cell size ratio (W  H  L)
Permeate ﬂux vw
Particle volume per mass
Temperature, T

0.1
2100
5 lm
173
30 lm/s
0.729 mL/g
300 K

Table 3
Parameters used when considering both apparent viscosity, electric and van der
Waals interactions.
Particle volume fraction, /
Number of particles
Particle radius, R
Permeate ﬂux velocity, vw
Cell size ratio (W  H  L)
Particle volume per mass [12]
Temperature, T
Maximum steps
Electrolyte concentration, CEL [17]
Particle–particle Hamaker constant, AH-SS [12]
Particle zeta potential, f [17]
Solvent Dielectric Constant, er
Particle-membrane Hamaker constant, AH-SP (estimate)
Membrane zeta potential, fmembrane
Electrolyte valence, ze [17]

0.1
2100
5 lm
30 lm/s
173
0.729 mL/g
300 K
10,000
0.001 M
1.65  1021 J
30 mV
78.54
1.65  1021 J
30 mV
1

throughout the domain, resulting in a high apparent viscosity and a
low ﬂow rate. As most of the particles migrate toward the membranes and away from the center of the channel, the apparent viscosity in the interior drops. For a ﬁxed pressure gradient, the
velocity responds by increasing in the interior. This is consistent
with a high initial concentration of contaminant, followed by recycling of the crossﬂow, which then becomes progressively cleaner.
For comparison, the Newtonian case without particles (a = 0) is
plotted to demonstrate the impact of the particles on the velocity
ﬁeld via the apparent viscosity. The Newtonian case with viscosity
g0 has the well known parabolic velocity proﬁle of the form
vx(z) = vmax(1  z2) where vmax = Recf  2.285  103 m/s for the
parameters used. The steady state (ﬁnal) velocity proﬁle based
on apparent viscosity (with particles) is only slightly modiﬁed for
Recf 6 0.1, as shown in Fig. 5. In contrast, at higher Recf there is signiﬁcant ﬂow modiﬁcation as shown in Fig. 4. The differences in the
velocity proﬁles are explained by the concentration proﬁles, discussed below.
Flow impediment compared to the Newtonian case is exaggerated by the high concentration of foulant present. While not realistic for industrial membrane ﬁltration processes, this does allow
for investigation of the extreme case of strong apparent viscosity
impact on the crossﬂow.
To verify the validity of the apparent viscosity treatment in regions of high particulate concentration, a Darcy model was also
tested on the Recf = 1000 case. In regions where the particle volume
fraction exceeded 0.3 the local Recf was reduced by three orders of
magnitude to match the Darcy assumptions. It was found that the
maximum deviation between the velocity ﬁelds predicted by the
Darcy model and by the apparent viscosity model was 2%. Thus,
the apparent viscosity formulation is an accurate approximation
for this ﬂow ﬁeld.
It should be noted that the similarity between the Darcy and
apparent viscosity formulations is aided by the arrangement of this
particular ﬂow. Because the high particle concentrations occur
near the membranes, the difference between the two solutions is
small since the crossﬂow velocity is already signiﬁcantly retarded

Fig. 5. Final velocity proﬁle for Recf = 0.1, for / = 0.1.

by the no-slip condition. Future simulations will apply the apparent viscosity model only in regions of low concentration, and these
will be matched to Darcy ﬂow regions where the concentration is
high. The velocity normal to the membrane will be treated in the
same way, using a 2-D simulation with the cake regions treated
as Darcy ﬂow.
4.3. Fouling with combined apparent viscosity, electrostatic potentials
and van der Waals interactions for 5 lm radius particles
Crossﬂow Reynolds numbers over the range 0.1 6 Recf 6 1000
were studied. The parameters used were a combination of those
from the previous two sections, as given in Table 3, with the larger
5 lm radius prototype particles. For brevity, the effects of electrostatic potentials and van der Waals interactions will collectively be
referred to as electric interactions from this point forward. Findings indicate that the addition of the electric interactions (dominated by the electrostatic repulsion) to the hydrodynamic effects
results in a much more stable ﬁnal state. Variables representative
of the state of the simulation, including the order parameter in
Eq. (19), were recorded every 10 MC steps. In the cases discussed
above where only the electric interactions or only the apparent viscosity effects were considered, the ﬁnal state of the system was observed to oscillate about an approximately steady order parameter.
When both effects are combined, the system reaches a ﬁnal state
that, for the ﬁrst four decimal places in the order parameter, does
not oscillate.
No particles are removed or added during the entire simulation,
meaning the volume fraction remains constant throughout all MC
steps. With / = 0.10, the initial maximum move size is approximately a0 = 3.47R. As the particles approach a stable conﬁguration
the maximum displacement a0 decreases due to the increased difﬁculty of locating a lower energy state.
While all simulations reach a steady state, the degree to which
this state ﬂuctuates differs between simulations. For comparison,
without the electric interactions the maximum move size reached
a steady state of approximately 0.006R for Recf = 0.1 and 1.6R for
Recf = 1000. For the cases with both electric interactions (electrostatic and van der Waals) and apparent viscosity effects, the ﬁnal
steady state maximum step size decreases dramatically to approximately 4  107R for Recf = 0.1 and 7  106R for Recf = 1000, indicating that the particles have reached a very stable conﬁguration.
The speed at which the simulation converges also differs with
and without electric interactions. With electric interactions it requires approximately 1160 and 1830 MC steps for the order
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parameter to converge to 4 signiﬁcant digits at Recf = 0.1 and 1000,
respectively. Without electric interactions the simulation fails to
stabilize beyond 2 signiﬁcant digits in 10,000 MC steps at Recf = 0.1,
and requires 2150 steps at Recf = 1000 to stabilize to 3 signiﬁcant
digits.
The addition of the electric interactions generates a thin region
near the membrane where the particles are, for the system studied,
repulsed by the electric double layer. This is demonstrated by the
ﬁnal concentration proﬁles shown in Fig. 6. As Recf is increased
from 10 to 100 and then 1000, more particles are remixed by the
ﬂow and remain in the interior of the channel. The maximum volume fraction at the membranes is reduced from approximately 0.5
for Recf = 10 to approximately 0.37 for Recf = 100 and 0.27 for
Recf = 1000. Note that the regions near the core where the volume
fraction dips below zero are not physical but are mild artifacts of
the cubic spline ﬁt.
At lower crossﬂow Reynolds numbers, the ﬁnal proﬁles closely
mimic a narrower channel with uniform Newtonian viscosity and a
parabolic velocity ﬁeld, similar to that observed for Recf = 0.1 without electric interactions in Fig. 5. The regions of high concentration
(and therefore viscosity) near the membranes dissipate some of the
energy, decreasing the maximum velocity that occurs in the center
of the channel. In higher Reynolds number ﬂows, the concentrations vary more gradually throughout the channel. This makes

the ﬂuid appear overall more viscous with just a small internal core
region of uniform viscosity, resulting in the sharp velocity proﬁle
observed in Fig. 6 for Recf = 1000. This larger region of higher viscosity dissipates much more energy, severely decreasing the maximum velocity in the channel as compared to the Newtonian case,
equivalent to the reduction observed in Fig. 4 without electric
interactions.
Without electric interactions the permeate ﬂow draws the particles to the highest concentration against the membranes. The
addition of electrostatic repulsion results in the particles being
clustered near, but displaced off, the membrane. As the ﬁrst term
in the order parameter deﬁned in Eq. (19) measures the proximity
of the particles to the membranes, the order parameter is subsequently reduced at all Recf by this double layer effect which causes
the highest concentration to occur slightly away from the membrane. The order parameter with and without the electric interactions is shown in Fig. 7.
The general trend of reduced order parameter with increasing
Recf is preserved, but the electric double layer repulsion between
the particles and the membranes shifts the order parameter down.
In both cases the decrease in order parameter with increasing Recf
is indicative of more particles remaining mixed into the ﬂow in the
core of the channel. A snapshot of a ﬁnal (steady state) case with
Recf = 10 is shown in Fig. 8, where the particle radius has been
exaggerated for better visualization.
4.4. Comparison with related works
Cohen and Probstein [25] investigated colloidal fouling of reverse osmosis membranes and implied that fouling may be significant if permeate velocity is much higher than the threshold
transmembrane velocity (5 lm/s = 18 lmh) and the colloidal solution is stabilized. In this work the permeate velocity was set to
30 lm/s and colloidal interactions were controlled using the Hamaker constant and zeta potential. Using a one-dimensional, transient, continuum model of colloidal deposition, Cohen and
Probstein predicted a fast initial reaction-dominated fouling regime (formed within 0.02 s), followed by a very gradual convection-driven colloidal cake growth. To mimic these microscopic
phenomena, a high particle volume fraction (/ = 0.1) was used here
to initiate the simulations. Monte Carlo simulations for investigating membrane deposition phenomena with realistic particle volume fractions of 0.0001–0.001 are practically impossible in terms
of available computational resources. The initial random conﬁguration of particles with / = 0.1 will reach a ﬁnal conﬁguration similar
to that shown in Fig. 8. The concentration of particles near the
channel epi-center then approximately mimics realistic feed volume fractions; and the deposition layers at the two membranes
accurately predict the fouling layer formation. The MC simulations
presented here are fundamentally different from solving deterministic, transient, continuum mass balance equations since the MC
steps to reach a ﬁnal dynamic equilibrium can ﬂexibly follow various stochastic paths.
Early fundamental work of shear-induced transport was carried
out by Davis and Leighton [26] and Leighton and Acrivos [10,11].
This work presented a relative viscosity, deﬁned as the viscosity
of a solution with particle volume fraction / to that of a particlefree solution, represented by [11]:



gð/Þ ¼ 1 þ

Fig. 6. (a) Final concentration proﬁles and (b) velocity ﬁelds for Recf = 10, 100 and
1000 with electric and van der Waals interactions for / = 0.1.

1:5/
1  /=/C


ð23Þ

where /C is the maximum packing density (0.58 for hard spheres).
Later, this experimental correlation was widely used in various ﬁltration theories. Note that the relative viscosity correlation is obtained in the absence of the permeate ﬂux (perpendicular to the
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0.9
No Electrical Interactions
Van der Waals and EDL Interactions

ψNP Order Parameter

0.85
0.8
0.75
0.7
0.65
0.6
0.55
0.5
0.45
0.4
10−1

100

101

102

103

Average Reynolds Number Based on Pure Water at 300K
Fig. 7. Final order parameter comparison with and without electric and van der Waals interactions, over a range of Recf.

Fig. 8. Final state for Recf = 10 with electric and van der Waals interactions, for /
= 0.1.

membrane surface), assuming particles are mono-dispersed hard
spheres.
Sethi and Wiesner [27] incorporated the work of Davis and
Leighton [26] in a uniﬁed model to include three particle transport
mechanisms (Brownian diffusion, shear-induced diffusion, and
inertial lift) and indicated that minimum ﬂuxes occur in a particle
size range of 0.01–0.1 lm, depending on operating time. Their uniﬁed model has two noticeable aspects related to diffusion and convection: (1) constant Brownian and concentration-dependent,
shear-induced diffusion coefﬁcients are superposed into an effective, combined form, and (2) the channel cross-section perpendicular to the crossﬂow direction is effectively reduced as the
thickness of the solid cake layer grows. The effect of cake resistance
is included in Darcy’s law using the Carman–Kozeny correlation
[28], but the sedimentation coefﬁcient was not included in the

governing convection–diffusion equation for the particle transport.
Instead, concentration-dependent viscosity was used to calculate
the permeate ﬂux as mutually inﬂuenced by particle volume fraction near the membrane surfaces. Note that their speciﬁc models
for cake ﬁltration, cake growth, and particle ﬂux are at the continuum level of colloidal solutions.
In past work [9] an effective thermo/hydrodynamic force acted
on a particle in a sheared ﬂow of local volume fraction / at temperature T, undergoing transverse permeate ﬂux vz, as expressed in Eq.
(1). In this work, the continuum level calculation is related to the
semi-microscopic MC simulation regime where the effective force
exerted on each particle is calculated locally using conﬁgurations
of adjacent particles. More rigorous forces can also be calculated
using microhydrodynamics such as Stokesian dynamics and dissipative hydrodynamics [29].
In the semi-microscopic MC simulations presented here, the local viscosity is determined in a quasi-steady state of stable particle
distributions after the system reaches a new thermodynamic equilibrium. A general investigation of the mutual inﬂuences of particle
interactions and local shear rate is a very sophisticated and challenging task, and is out of the scope of the present research. But,
particle–particle and particle-membrane interactions are implicitly included in calculations of apparent viscosity at pre-determined crossﬂow Reynolds numbers. The effective hydrodynamic
force and particle interactions, described in Sections 2.1 and 2.2,
respectively, allow for investigation of the apparent viscosity of
the colloidal suspension near the membrane surface in various
physical and chemical liquid states. Extension to bi- and poly-dispersed colloidal solutions and investigation of particle distribution
(based on size) and (possible) stratiﬁcation are potentially difﬁcult
in continuum theories due to lack of rheological information, but
feasible tasks in future MC simulation research.

5. Conclusions and future studies
This work demonstrates the coupling of a Force Bias Monte
Carlo method with a continuum ﬂow solver via a generalized Newtonian viscosity function which depends on local particle concentration. In densely packed regions the apparent viscosity closely
mimics a Darcy approximation, without the need to track or locate
the boundary between the Darcy and inertial regions of the ﬂow
ﬁeld.
The deposition of particles on the membrane or the mixing of
particles into the free stream is strongly inﬂuenced by hydrodynamic forces. Higher shear rates associated with higher Reynolds
numbers helped keep some particles mixed into the free stream.
At lower Reynolds numbers all particles were attracted to the
membrane forming a cake layer.
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To consider what is collectively referred to here as electric effects, the energy of each particle was calculated based on van der
Waals and electrostatic potentials. Each particle–particle potential
is governed by two possible equations based on the separation. The
close-range interaction form is generally more complicated and
computationally intensive than the longer-range form. The appropriate cutoffs for both van der Waals and electrostatic potentials
were determined by a series of tests to ensure converged results
and maximum computational efﬁciency. It was found that combined electric and hydrodynamic effects result in a more stable ﬁnal state as compared to the case with just hydrodynamic
inﬂuence.
To demonstrate the coupling of the MC and continuum simulations a fully-developed velocity proﬁle was assumed and an extreme case of 10% particle volume fraction was used. Future
simulations will investigate more realistic fouling with 1% or lower
volume fraction and 2-D ﬂow ﬁelds, and include multiple particle
types and membrane surface roughness. These simulations will
help interpret the fouling observed in laboratory experiments with
laminar crossﬂow such as those of Contreras et al. [2], Wang and
Tarabara [4], and Chellam and Wiesner [30]. Particle trajectories
predicted by FBMC will be compared to the trajectory theory
developed by Chellam and Wiesner [31] for particles in laminar
crossﬂow with clean membranes.
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